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ABSTRACT 

A macroscopic hydrodynamic approach to analyze the surface flow 

on watersheds is presented and discussed in this report. In this approach, 

a set of spatially varied unsteady flow equations, that include terms 
for lateral mass flux, lateral momentum flux, overpressure head due to raindrop 

impact, and boundary shear, are derived from the equation of continuity and 

the Navier-Stokes equations for the three-dimensional flow of viscous incom- 

pressible fluid in cooperation with the kinematic and dynamic boundary condi- 

tions on the water and ground surfaces of a watershed. As a first-order 

approximation for the analysis, surfac? tension, infiltration into the ground, 

and some other higher-order terms are ignored; however, thi s restri ction can 

be removed in future studies without impairing the validity of the theoretical 

approach. 

The Darcy-Weisbach equation is employed to evaluate the friction 

slope that is an unknown, but important term i n  the flow equations. For this 
evaluation, the laminar uniform flow equation for the Darcy-Weisbach friction 

coefficient coupled with the ~drma"n-~randt.1 
logarithmic resistance equation 

for turbulent flow is used to s irnulate, as a fi rst-order approximation, the 

unknown function of the Darcy-Wei sbach fri ction coefficient for watershed 

surface flow. Because the flow equations include the momentum influx and the 

overpressure terms of the rainfall, the amount of increase in the friction 

resistance due to the raindrop impact for a rainfall of given intensity, ter- 

minal veiocfty, and duration can be expressed implicitly in terms of the 

variation of the Darcy-Weisbach friction coefficient and wi 1 1  have to be 

checked wi th experimental data. 

The proposed mathematical model for watershed surface flow consists 

of a set of quasilinear partial differential flow equations of hyperbolic 

type with the appropriately prescribed initial and boundary conditions. The 

flow equations so derived are expressed in velocity of flow, depth, and d i  s-
tance along the channel with time as an additional dimension and are simple 
and feasible in describing mathematically the watershed surface flow that is 
conceptually divided into the overland-flow and channel-flow parts. The 
boundary conditions in general are composed of external and i n t e r n a l  boundary 
conditions# Several types of external and internal boundary conditions . 
for watershed surface flow are presented and discussed in this report. 
i i 
Fo r  i n s t a n c e ,  t h e  c o n d i t i o n  a t  t h e  j u n c t i o n  be tween t h e  downs t ream end o f  
t h e  o v e r l a n d - f  l ow  p a r t  and any  p o i n t  o f  t h e  c h a n n e l - f  l ow  p a r t  i s t r e a t e d  
as an i n t e r n a l  b ounda r y  c o n d i t i o n  t h a t  mus t  b e  s a t i s f i e d  by  t h e  f l o w  v a r i a -  
b l e s  o f  b o t h  p a r t s  e t  t h a t  p o i n t .  
The  ma t h ema t i c a l  mode l  so  deve l oped  i s no rma l i zed so t h a t  t h e  
s i g n i f i c a n t  p a r a l r ~ e t e r s  t h a t  g o v e r n  t h e  wa t e r shed  s u r f a c e  f l o w  a r e  d e f i n e d .  
By t h e  me thod  o f  c h a r a c t e r i s t i c s ,  a s e t  o f  n o rm a l i z e d  f l o w  e q u a t i o n s  i s  
t r a n s f o r m e d  i n t o  a  s e t  o f  n o rma l  i zed c h a r a c t e r 1  s t i c  d i f f e r e n t i a l  e q u a t i o n s .  
T h i s  s e t  o f  n o rm a l i z e d  c h a r a c t e r i s t i c  d i f f e r e n t i a l  e q u a t i o n s  i s  f u r t h e r  
t r a n s f o rm e d  i n t o  a  s e t  o f  n o r m a l i z e d  c h a r a c t e r i s t i c  d i f f e r e n c e  e q u a t i o n s  b y  
u s i n g  t h e  e x p l i c i t  scheme f o r  s p e c i f i e d  g r i d  . i n t e r v a l s .  The n o rm a l i z e d  
c h a r a c t e r i s t i c  d i f f e r e n c e  e q u a t i o n s  so  t r a n s f o rmed  a r e  s o l v e d  f o r  two  
unknowns a t  e v e r y  g r i d  p o i n t  i n  t h e  x , t - p l a n e  w i t h  t h e  a i d  o f  a d e qua t e l y  
p r e s c r i b e d  i n i t i a l  and bounda r y  c o n d i t i o n s  and some i n t e r p o l a t i o n  f o rmu l a s  
( o r  e x t r a p o l a t i o n  f o rmu l a s  i n  t h e  c a se  o f  t h e  mov ing  h y d r a u l i c  jump) as we1 1 
+ 
as  t h e  e q u a t i o n s  f o r  t h e  C - and C - - c h a r a c t e r i s t i c  c u r v e s .  
The a p p l i c a b i l i t y  and a c c u r a c y  o f  t h e  p r oposed  method  i s  examined 
b y  s o l v i n g  a s i m p l i f i e d  o v e r l a n d  f l o w  p r ob l em  on d i g i t a l  compu te r s .  The 
p r oposed  me thod  g i v e s  n o t  o n l y  t h e  f l o w  p r o f i l e ,  v e l o c i t y  d i s t r i b u t i o n ,  d i s -
c ha r ge  d i s t r i b u t i o n ,  F roude  number d i s t r i b u t i o n ,  and f r i c t i o n  c o e f f i c i e n t  
d i s t r i b u t i o n ,  b u t  a l s o  t h e  l o c a t i o n  o f  a  mov ing  c r i t i c a l  s e c t i o n  and a 
h y d r a u l i c  jump,  i f  any .  I n  s o l v i n g  t h i s  s i m p l i f i e d  o v e r l a n d  f l o w  p rob lem,  
i t  i s  f o u n d  t h a t  d i f f e r e n t  e x p r e s s i o n s  o f  t h e  Darcy -Weisbach  f r i c t i o n  c oe f -  
f i c i e n t  r e s u l t  i n  d i f f e r e n t  o u t f l o w  h yd r og r aphs .  I t  i s  a l s o  obse r ved  t h a t  
t h e  t e n d en c y  t o  have  a  sudden r i se  i n  t h e  h yd r og r aph  f o r  t h e  assumed ze ro -
v a l u e  o f  t h e  Darcy-Wei sbach f r i c t i o n  c o e f f i  c i e n t  u nde r  a c e r t a i n  c omb i n a t i o n  
o f  g o v e r n i n g  pa r ame t e r s  may cause  r o l l i n g  waves and t h u s  r e s u l t  i n  hyd ro -  
dynami c  i n s t a b i  1 i t y .  T h e r e f o r e ,  l a b o r a t o r y  e x p e r imen t s  t o  d e t e rm i n e  t h e  b e s t  
e x p r e s s i  on o f  t h e  Darcy-Wei sbach  f r i c t i o n  c o e f f i c i e n t  f o r  wa t e r shed  s u r f a c e  
f l o w  i n  t e rms  o f  t h e  g o v e r n i n g  pa r ame t e r s  a r e  most  u r g e n t l y  needed.  
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CHAPTER 1 0 I NTRODUCTlON 
Recent t e c hno l og i c a l  advances i n  a na l y z i n g  comp l i ca ted  ph y s i c a l  
problems s t imu l a t e d  g r ea t  i n t e r e s t  i n  hyd ro l ogy  t o  s o l v e  many d i f f i c u l t  
problems. These problems may have never  been t a c k l e d  because o f  t h e i  r 
c omp l e x i t y  o r  t h e y  may have been so l ved  b u t  i n  a much s i m p l i f i e d  approx imate 
way. I n  watershed hydro logy ,  h y d r o l o g i  s t s  and hydrau 1 i c eng ineers  a r e  i n t e r -
es ted i n  t h e  i n f o rma t i o n  on t h e  d i s cha rge  f rom a watershed. I n  t h e  conven-
t i o n a l  approach t o  de te rm ine  t h e  d i scharge ,  t h e  whole watershed i s  cons ide red  
as a lumped h y d r o l o g i c  system and f i e l d  da ta  a r e  used and ana lyzed s t a t i s t i -  
c a l l y  t o  r e l a t e  t h e  r u n o f f  w i t h  t h e  r a i n f a l l .  Thus, t h e  comp l i ca ted  process 
o f  r u n o f f  t a k i n g  p l ace  w i t h i n  t h e  watershed i s  i g n o r e d  A more d i f f i c u l t  b u t  
impo r t an t  prob lem i n  watershed hyd ro l ogy ,  however, i s  t o  unders tand t he  
mechanics o f  wa te r  movement i n s i d e  t h e  watershed under t h e  e f f e c t s  o f  s i g n i -
f i c a n t  parameters  which g i v e  r i s e  t o  an i n pu t - o u t pu t  r e l a t i o n s h i p  o f  t he  
r a i n f a l l  and r u n o f f .  To s o l v e  t h i s  prob lem t h e  watershed must be t r e a t e d  
as a  d i s t r i b u t e d  system and t h e  hydrodynamics o f  t h e  f l o w  i n  t h e  watershed 
shou ld  be app l i e d .  Thus, a  mathemat i ca l  model o f  t h e  watershed can be formu- 
l a t e d  i f  t h e  f l o w  p a t t e r n  and t h e  boundary c o n d i t i o n s  i n  t h e  watershed a r e  
known and mathemat ica l  l y  d e s c r i b ab l e ,  t h e  model, though compl ica ted,  may 
l i k e l y  be so l ved  by  an e l e c t r o n i c  computer. 
i n  t h e  p resen t  s tudy ,  t h e  main  o b j e c t i v e  i s  t o  f o rmu l a t e  a  mathe- 
ma t i c a l  model t o  desc r i be  t h e  mechanics o f  su r f ace  r u n o f f  on a  watershed b y  
t r e a t i n g  t h e  watershed as a d i s t r i b u t e d  system sub j e c t  t o  hydrodynamic 
p r i n c i p l e s .  The model so deve loped i s  o f  course n o t  p e r f e c t  as many d i f f i -  
c u l t i e s  a r e  y e t  t o  be so lved,  b u t  i t  i s  o b v i o u s l y  s upe r i o r  t o  t h e  conven t i ona l  
approach o f  lumped-system model i n  unders tand ing  t he  phys i c s  o f  su r face  r u n o f f  
and more gene r a l i z ed  than any o t h e r  mathemat ica l  models t h a t  have been deve loped.  
The mechanics o f  movement o f  wa te r  i n  a  watershed must be cons idered 
spacewi se as we1 1 as t imewi s e  Be f o r e  fa1 1 i n g  upon t he  ground, water i n  t h e  
vapor form moves as t h e  me t e c r o l c g l c a l  environment changes. A f t e r  condensat ion,  
i t  fa1 1s on t h e  ground su r f ace  i n  t h e  l i qu id  ( r a i n )  o r  s o l i d  (snow) forms. 
From t h e  time water h i t s  the  g r ~ u n d  u n t i l  i t  flows out  from t h e  watershed 
a s  d i scha rge ,  i t  f u r t h e r  takes  var ious  processes  and courses  i n  t h e  hydro- 
l og i c  cyc l e .  
Water on t h e  ground tends t o  move from high t o  low regions d u e  
t o  g r a v i t y *  Snow depos i t ing  on the  land cannot s u b s t a n t i a l l y  move withou;. 
change of i t s  form. By subl imation,  snow becomes vapor t o  r i s e  en t e r ing  
the  atmosphere. By mel t ing ,  snow i s  transformed t o  t h e  1 i q u i d  form which 
seeps through t h e  snow pack before  apprec iab le  movement of t he  me1 ted wate r  
t akes  p lace .  The process of t he  r a in  f a l l i n g  on t h e  ground i s  somewhat 
d i f f e r e n t *  As soon as  t h e  raindrops touch t h e  g r ~ u n d  su r f ace ,  they  form 3 
t h i n  shee t  of water held by t h e  su r f ace  tens ion  under t h e  c a p i l l a r y  po ten t i ? , '  
and then s t a r t s  t o  move under t h e  g r a v i t y  po ten t i a l  when i t  exceeds the 
c a p i l l a r y  p o t e n t i a l .  Both snow and rz in  a r e  important hydrorneteological 
f a c t o r s  a f f e c t i n g  t h e  runoff i n  a  watershed. I n  t h e  present  s tudy,  howevei-, 
on ly  t h e  ra in  i s  considered. 
A t  t h e  beginning of a rainstorm, t r e e s  and vegeta t ion  in t e rcep t  
a  1a rge  amount of raindrops,  some o f  whi  ch re turn  d i  r e c t  l y  t o  t h e  atmosphere 
through evaporat ion and t ranspi  r a t i o n .  Raindrops wh i  .r;h reach t h e  ground n - l q  
remain on t h e  ground sur face  t o  form the  sur face  water o r  may i n f i  l t r a t e  int:) 
t h e  ground t o  form the  subsurface water which may or  may not appear on the 
ground su r f ace  l a t e r  t o  j o in  t h e  su r f ace  water ,  The runoff caused b y  the 
s u r f a c e  water may be ca l l ed  the  su r f ace  runoff and t h a t  by t h e  subsurface 
water ,  t he  subsur face  runoff .  Both a r e  important processes  i n  t h e  hydroiw; i c 
cycle .  
At t h e  i n i t i a l  s t age  of r a i n f a l l  t h e  su r f ace  water f i l l s  sur fsce  
* .deprcss lcns .  When the  avar l a b  le In t e rcep t  ion and depress !  g n  s to rage  a r e  
completely f u l f i l l e d  and the  r a i n f a l l  i n t e n s i t y  a t  t h e  ground su r f ace  excee+:l3 
t h e  i n f i  l t r a t i o n  capac i ty  of t h e  ground mater ia l  (such a s  soi l ) ,  an overland 
flow begins.  The overland flow w i l l  reach a stream channel and f low i n  i t  
a s  a channel flow. 
The subsurface water may f u r t h e r  be descr ibed i n  t h r e e  types:  
Unsaturated f low tha t  s t ays  i n  t h e  zone of a e r a t i on ,  i n t e r f low t h a t  moves 
l a t e r a l l y  a t  sha l l ow  depths  benea th  t h e  ground su r face ,  and groundwater  
f l ow  t h a t  e n t e r s  an e f f l u e n t  s t ream t o  become a  base f l o w  o r  t h a t  f l ows  ou t  
from an i n f l u e n t  st ream. I n  t h e  s t u d y  o f  t h e  t o t a l  r u n o f f  f rom a  watershed, 
one must have t h e  knowledge o f  t h e  in terdependence between t h e  s u r f a ce  r u n o f f  
and t h e  subsur face r u n o f f .  Fo r  example, as shown i n  F i g .  1 ,  a s t ream becomes 
an e f f l u e n t  s t ream when t h e  wa te r  s u r f a ce  i n  t h e  stream i s  v e r y  low du r i n g  
t he  d r y  season, b u t  i t  changes t o  an i n f l u e n t  st ream when i t  i s  a t  a  h i g he r  
wa te r  s tage  d u r i n g  t h e  r a i n y  season. There i s  no way o f  e v a l u a t i n g  a c c u r a t e l y  
the s u r f a ce  r u no f f  i n  a  watershed un l e s s  t h e  subsur face  r u n o f f  i s  s t u d i e d  a t  
t he  same t ime .  Lack ing  t h e  knowledge on any o f  t h e  two may r e s u l t  i n  a  m i  s-
l ead i ng  e v a l u a t i o n  o f  t h e  t o t a l  r u n o f f .  
Appa ren t l y  t h e r e  a r e  two ma j o r  groups o f  f a c t o r s  which a f f e c t  t h e  
r u n o f f  from a  watershed: One g roup  i s  t h e  hyd rometeoro log ic  f a c t o r s  i n  wh ich 
t h e  e f f e c t s  o f  r a i n ,  snow, and e v a p o t r a n s p i r a t i o n  a re  o f  impor tance and t h e  
o t h e r  group i s  t h e  phys i og raph i c  f a c t o r s  i n  which ma i n l y  the p h y s i c a l  charac- 
t e r i s t i c s  o f  t h e  watershed a r e  i n v o l v ed .  For s i m p l i c i t y ,  i n  t h e  present  s t udy ,  
t h e  e f f e c t  o f  r a i n f a l l  i s  taken i n t o  c ons i d e r a t i o n  as t h e  o n l y  ma jo r  hydro- 
me t eo r o l o g i c  f a c t o r .  Regarding t h e  phys i og raph i c  f a c t o r s ,  t h e  watershed 
c ha r a c t e r i  s t  i cs may be  f u r t h e r  c l a s s i  f i ed i n t o  t h e  s u r f a ce  and subsur face 
c ha r a c t e r i  s t  i cs.  Fo r  t he  subsur face  c h a r a c t e r i  s t  i cs i n  t h e  p resen t  study, 
a r a t h e r  a r b i t r a r y  and conceptua l  boundary c o n d i t i o n  i s  imposed on t h e  ground 
su r face ;  t h a t  i s t o  assume no i n f i 1 t r a t  ion c apac i t y  on t h e  ground surface so 
t h a t  t h e  c omp l i c a t i o n  o f  t h e  subsur face  c h a r a c t e r i s t i c s  can be e n t i r e l y  i gno red .  
However, i t  shou ld  be remembered t h a t  t h i  s  r e s t r i  c t i o n ,  whi ck can be removed 
i n  f u t u r e  when t h e  mechanics o f  t h e  s u r f a ce  r u n o f f  b e cmes  c l e a r e r ,  w i l l  n o t  
impa i r  t h e  v a l i d i t y  o f  t h e  p resen t  approach o f  a n a l y s i s .  
The p r o p e r t i e s  o f  r a i n f a l l  t h a t  a re  r e q u i r e d  t o  d e s c r i b e  t he  
mechanics o f  t h e  su r f ace  r u n o f f  may be  d i scussed .  A r a i n d r op  f a l l i n g  i n  t h e  
a i r ,  i f  n o t  b r ea k i n g  up, deforms and ma i n t a i n s  i t s  f i n a l  shape a t  t he  t e rm i na l  
v e l o c i t y  o f  f a l l  under t h e  c o n t r o l  o f ' t h e  g r a v i t a t i o n a l  f o r c e  and su r face  
t e n s i o n .  As t h e  a c t u a l  shape o f  r a i n d r op s  i s  v e r y  d i f f i c u l t  t o  be  expressed 
by some parameters,  t h e  r a d i u s  o r  d iamete r  o f  t h e  equ i v a l e n t  sphere o f  t he  
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same volume o f  t h e  r a i n d r op  may be  taken  as t h e  measure o f  t h e  r a i n d r op  
,i z e  The spectrum o f  t h e  r a i n d r o p  s i z e  depends on t he .  tempora l  and s p a t i a l  
d i s t r i b u t i o n s  o f  t h e  sime. The t e rm i n a l  v e l o c i t y  o f  f a 1  1 o f  t h e  r a i nd rop  
i s  b e l i e v e d  t o  v a r y  f a i r l y  c l o s e l y  w i t h  t h e  sime o f  t h e  r a i n d r op .  I t  may 
t h e r e f o r e  seem t h a t  t h e  equ i v a l e n t  s i z e  o f  r a i n d r op s  o f  a  g i v en  s i  me spectrum 
can be  r e l a t e d  t o  t h e  i n t e n s i t y  and d u r a t i o n  o f  r a i n f a l  1 .  U n f o r t u na t e l y ,  n o  
such d e f i n i t e  r e l a t i o n s h i p  has y e t  been found.  However, t h e  r a i n d r o p  sime 
and i t s  spect rum a r e  n o t  t h e  gove rn i ng  parameters  i n  t h e  p resen t  a na l y s i s  
where b u l k  p r o p e r t i e s  o f  r a i n f a l l  a r e  cons idered.  I n  t h e  p resen t  a na l y s i s ,  
t he  i n t e n s i t y  and d u r a t i o n  o f  r a i n f a l l  as f u n c t i o n s  o f  t ime  and space a re  
used as t h e  govern ing  parameters .  
Regard ing many s u r f a ce  c h a r a c t e r i , s t i c s  o f  a  watershed, o n l y  those 
which have a  macroscop ic  s i g n i  f i cance a r e  cons idered.  The s u r f a ce  f l o w  takes  
p l a ce  on t h e  ground su r face ,  wh ich  i n  a  mathemat ica l  sense can be cons ide red  
as a  boundary o f  t h e  f l o w  domain. The f a c t o r s  t h a t  c h a r a c t e r i  me t h e  ground 
su r f ace  w i  1 1  govern t h e  genera l  p r o p e r t i e s  o f  convey ing and s t o r i n g  t h e  
su r f ace  wa te r  i n  a  watershed. However, t h e  i n f i l t r a t i o n  c a p a c i t y  o f  t he  
cJro;nd m a t e r i a l  i s  i gno red  l a t e r  i n  t h e  p resen t  s t udy  and g r a i n s  o f  t he  
ma t e r i a l  on t h e  su r f ace  a r e  assumed immobi le  ( i.e. ,  no sediment t r a n s p o r t a t i o n ) .  
Then, i t  appears t h a t  t h e  s u r f a ce  s l o pe  and t he  s u r f a ce  roughness a re  the  most 
s i g n i f i c a n t  f a c t o r s .  A l though  t h e  s u r f a ce  s lope  changes f rom p o i n t  t o  p o i n t  
i n  a  watershed, i t  may be cons ide red  as cons tan t  i n  t h e  average sense a t  a 
p a r t i c u l a r  p o i n t  i f  t h e  range o f  change a t  t h a t  p o i n t  i s  n o t  t o o  l a r ge .  The 
ha rdes t  t o  d e s c r i b e  i s  t h e  s u r f a ce  roughness t h a t  depends on t h e  phys i ca l  
appearance o f  t he  ground s u r f a ce  such as land use o r  cover,  mo i s t u r e  con ten t ,  
and s o i l  t ype .  I t  seems t h a t  t h e r e  i s  no s i n g l e  parameter wh ich can be used 
t o  d e s c r i b e  t h i s  p r ope r t y .  The use o f  t h e  f r i c t i o n  s lope  as a  measure o f  
roughness i n  terms o f  t he  f r i c t i o n  l o ss  per  u n i t  l e ng t h  i n  t h e  d i r e c t i o n  o f  
f l o w  i s  t h e o r e t i c a l l y  c o r r e c t ,  b u t  t h e  f r i c t i o n  f a c t o r  i s  an unknown v a r i a b l e  
which i s  governed by  t h e  f l o w  c h a r a c t e r i  s t i c s  and hence cannot be  p rede te rm ined4  
The conven t i ona l  assumption t h a t  t h e  f r i c t i o n  s lope  f o r  unsteady f l o w  has t h e  
same magni tude as f o r  an e q u i v a l e n t  u n i f o rm  f l o w  o f  same v e l o c i t y  and depth  
i s  adopted i n  t h i s  a na l y s i s .  To express i t  e x p l i c i t l y  i n  te rms o f  t he  v e l o c i t y  
f i c i e n t  og t he  Manning roughness c o e f f i c i a n t  must be i n t r oduced .  Thus, the In 
f r i c t i o n  c o e f f i  c i  en t  i n  t u r n  becomes a f u n c t i o n  o f  many o t h e r  parameters such i n 
as the Reynolds  number, t he  r e l a t i v e  roughness, t h e  Froude number, e t c .  L i  1" t e 
However, a f o rmu l a t i o n "  o f  t h e  f u n c t i o n a l  r e l a t i o n s h i p s  between these  parari1et;;li-3 t r 
i s beyond ou r  p resen t  knowledge. P f t h e  f l o w  i s s p a t i a l  l y  v a r i e d  and  ~ n s - t e a d : ~  t h 
due to r a i n f a l l  i n p u t ,  t he  f u n c t i o n a l  r e l a t i o n s h i p  i s  even more compl ica ted,  
s i n c e  t h e  e f f e c t  o f  t h e  change i n  t h e  f l o w  r e s i s t a n c e  due t o  t h e  r a i n d r op  de 
impact  on t h e  f l o w  c h a r a c t e r i s t i c s  has y e t  t o  be i n v e s t i g a t e d .  SC 
O the r  su r f ace  c h a r a c t e r i s t i c s  o f  a  watershed i n c l u d e  those  which I n 
d e s c r i b e  t h e  geometry o f  t he  w a t e r s h e d  They may be expressed as th>e b u l k  on 
p r o p e r t i e s  o f  t h e  whole watershed i n  terms o f  t h e  shape, d ra i nage  dens i t y ,  s t  
and d ra i nage  area,  e t c . ,  wh ich a r e  cons tan t ,  f o r  a  g i v en  watershed, and become f r  
impo r t an t  when d i f f e r e n t  watersheds a r e  compared. 
1-3. Statement o f  t h e  Problem 
A wa te r  p a r t i c l e  i n  a  watershed moves under v a r i o u s  t ypes  o f  f o r c e  
which a f f e c t s  t h e  t o t a l  p o t e n t i a l  o f  t h e  wa te r  p a r t i c l e  N om a t t e r  what  r o u t e  
o r  p rocess  t h e  wa te r  p a r t i c l e  takes ,  i t  tends t o  move f rom r eg i o n s  o f  h i g h  
energy p o t e n t i a l  t o  r eg i ons  o f  low ei-,ergy p o t e n t i a l .  Thus, t h e  s p a t i a l  changt 
i n  energy p o t e n t i  a1 per  uni  t  q u a n t i t y  o f  water  i s t h e  cause o f  movement o f  
t h e  wa te r  p a r t i c l e .  
The mechanics o f  t h e  movement o f  a  wa te r  p a r t i c l e  i n  any h y d r o l o g i c  
p rocess  can be expressed by  two g1;verning p a r t i a l  d i  f Fe ren t  i a l  equat ions:  
t he  equa t i o n  o f  c o n t i n u i t y  based on t h e  p r i n c i p l e  o f  t h e  conse r va t i on  of mas5 
and t h e  equa t i o n  o f  mo t ion  based on t h e  p r i n c i p l e  o f  t he  conse r va t i on  of moment 
o r  e n e r g y  The su r face  water  can be t r e a t e d  as an incompress ib le  v iscous 
f l u i d ,  whereas t h e  subsur face wat.er may n o t  a lways be so t r e a t e d .  For i ns tance  
t he  groundwater  i n  a con f ined  a q u i f e r  may be cons ide red  as a compress ib le  
v i s c ous  f l u i d ,  f o r  ~ ~ ~ h i c h  t h e  e qua t i o n  o f  s t a t e  i n  a d d i t i o n  t o  t h e  equat ions 
o f  c o n t i n u i t y  and momentum must be f o rmu la t ed  so t h a t  t h e  r e l a t i o n s h i p  b e h i e e n  
dens i  t y  and p ressu re  can be e s t a b l  i shed. Except f o r  t h e  case o f  water vapor 
+Numbers i n  t h e  parentheses r e f e r  t o  t h e  co r respond ing  e n t r i e s  i n  Re f e r en ces  
6 
i n  t h e  atmosphere which moves under t h e  tempera tu re  g r a d i e n t ,  o t h e r  processes 
i n  a  h y d r o l o g i c  c y c l e  on o r  under t h e  ground can be assumed i s o t h e r m a l  i fIch 
-7, t empera tu re  g r a d i e n t s  a r e  n o t  s i g n i f i c a n t : .  There fo re ,  t h e  e q u a t i o n  o f  hea t  
E rans fe r  based on t h e  c o n s e r v a t i o n  o f  energy can no  longer  be a p p l i e d  under t e r s  

a d y  t h e  i s o t h e r m a l  c o n d i t i o n .  

F low v a r i a b l e s  f o r  t h e  s u r f a c e  r u n o f f  may i n c l u d e  t h e  v e l o c i t y  and 
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depth  o f  f l o w .  They a r e  f u n c t i o n s  of space c o o r d i n a t e s  as  w e l l  a s  t i m e .  To 
so lve  t h e  e q u a t i o n s  o f  c o n t i n u i t y  and m o t i o n  w i t h  a p p r o p r i a t e l y  p r e s c r i b e d  
i n i t i a l  and boundary  c o n d i t i o n s  f o r  t h e  v e l o c i t y  and dep th  o f  s u r f a c e  f l o w  
on a  watershed b y  a  numer ica l  p rocedure  c o n s t i t u t e s  a  ma jo r  t a s k  o f  t h i s  
s t u d y  F r m  t h e  t i m e  t h e  r a i n f a l l  touches t h e  ground u n t i l  i t  f l o w s  o u t  
from an assumed imperv ious  watershed, n o  a b s t r a c t i o n s  a r e  cons ide red  t o  occur  ome 
i n  t h e  r u n o f f  p rocess .  I n  o t h e r  words, depress ion  s to rage ,  e v a p o t r a n s p i r a t i o n ,  
and i n f i  l t r a t i o n  a r e  assumed n o t  t o  t a k e  p l a c e  d u r i n g  r u n o f f  i n  t h e  conceptua l  
watershed. However, when t h e  mechanics o f  t h e  s u r f a c e  r u n o f f  under these 
r e s t r i c t i o n s  becomes c l e a r  i n  f u t u r e ,  t h e  r e s t r i c t i o n s  may be r e l a x e d  i n  t h e  
Ef 
a n a l y s i s .  For  i ns tance ,  i n f i l t r a t i o n  i n t o  t h e  s o i l  s u r f a c e  may b e  cons idered 
a t e  
as t h e  lower  boundary c o n d i t i o n  o f  t h e  su r face -wa te r  f l o w  regime and a l s o  
the  upper boundary  c o n d i t i o n  o f  t h e  s o i l - w a t e r  f l o w  regime. Thus, t h e  i n f i l -
-'ge t r a t e d  wa te r  on t h e  one hand i n t e r a c t s  w i t h  t h e  s u r f a c e  wa te r  th rough  t h e  
s o i l  s u r f a c e  and on t h e  o t h e r  hand p l a y s  an Impor tan t  r o l e  on t h e  movement ~f 
the so i  1 wa te r  under t h e  g r a d i e n t  o f  t h e  so i  1-water d e f i c i e n c y  i n  t h e  so i  1 .  
i c 
i n  such an a n a l y s i s  t h e  c o n t r i b u t i o n  o f  t h e  i n f i l t r a t e d  wa te r  t o  t h e  t o t a l  
r u n o f f  must be eva lua ted  m a t h e m a t i c a l l y  on t h e  b a s i s  o f  t h e  r a t e  o f  i n f i l t r a -
55 
t i o n  i n t o  t h e  s o i l  under t h e  g i v e n  r a i n f a l l .  
11en t ul 
The boundary c o n d i t i o n  on t h e  s o i l  s u r f a c e  i s  a  f l u x  c o n d i t i o n  g i v e n  
b y  D a r c y ' s  law [ 2 ] .  i f  t h e  a p p l i e d  r a i n f a l l  r a t e  i s  l e s s  than  t h e  u l t i m a t e  
3n c e ,  
r a t e  o f  i n f i l t r a t i o n ,  a l l  r a i n f a l l  w i l l  be assumed t o  e n t e r  t h e  s o i l  and 
t h e  i n f i l t r a t i o n  t o  proceed i n d e f i n i t e l y  w i t h o u t  development o f  ponding on 
t h e  s o i l  su r face .  However, i f  t h e  a p p l i e d  r a i n f a l l  r a t e  exceeds t h e  u l t i m a t e  
?en 
i n f i l t r a t i o n  r a t e ,  ponding w i l l  occu r  a f t e r  a  f i n i t e  t i m e .  I n  t h e  l a t t e r  
case, t h e  w a t e r  con ten t  a t  t h e  s o i l  s u r f a c e  w i l l  i n c r e a s e  f rom t h e  f i e l d  
c a p a c i t y  t o  t h e  s a t u r a t i o n  p o i n t  d u r i n g  t h e  p e r i o d  o f  i n f i  l t r a t i o n .  A f t e r  
. 
pond ing occurs ,  t h e  i n f i 1 t r a t  i on r a t e  w i  1 1  decrease asyrnptot i c a l  l y  toward 
a  c ons t an t .  O f  course,  i n f i  l t r a t i o n  under v a r i a b l e  f i e l d  c o n d i t i o n s  wi l i  be  equa 
more complex than  t h e  s i m p l i f i e d  and i d e a l i z e d  model on which t h e  mathemat ica l  subs 
t h e o r y  i s  based. However, i n  t h e  p resen t  a n a l y s i s ,  no a t tempt  i s  made t o  r t h r o  
1 ,  
f o rmu l a t e  t h i s  model. the 
1-4. 
the 
There a r e  v a r i o u s  approaches t o  s o l v i n g  t h e  prob lem o f  su r face - equa 
wa te r  f l o w  on watersheds.  A l t hough  many a v a i l a b l e  methods a r e  c rude  i n  + 
z -
compar ison w i t h  t h e  methods i n v o l v i n g  t h e  use o f  e l e c ~ r o n i c  computer, they the 1 
a r e  q u i t e  u s e f u l  f o r  some p r a c t i c a l  pu rposeso  Modern methods have been v niech 
advanced f rom t h e  laws o f  thumb o r  expe r i ence  t o  t h e  powe r f u l  mathemat ica l  t ha t  
tiequa t i ons  f o rmu l a t e d  on t he  b a s i s  o f  t h e  sound phys i  ca1 concepts .  These a r e  o f  
t h e o r e t i c a l  approaches t h a t  a re  cons i de red  i n  t h e  p resen t  s tudy .  Navi 
IThree t h e o r e t i c a l  approaches may be d i scussed  be low.  I n  t h e  the 
o r d e r  o f  r e f i nemen t ,  they may be  c a l  l e d  the  mo lecu l a r  approach, t he  m i  cros- such 
copi  c  hydrodynami c  approach, and t h e  macroscopi  c  hydrodynami c approach, on ly  
I n  t h e  mo lecu l a r  approach, the mechanics o f  f l o w  i s  ana lyzed i n  
terms o f  t h e  behav i o r  o f  t he  wa te r  mo lecu l es  o r  p a r t i c l e s  t o  which t he  con-
t he  ,
cep t  o f  s t a t i s t i c a l  mechanics may be  used. By s t a t i s t i c a l  mechanics, the  
Bo l  tmmann t r a n s p o r t  equa t i on  can be f o rmu l a t e d  f o r  t h e  Bo l  tmmann d i  s t r i b u t i o n  
f u n c t i o n  t h a t  r ep resen t s  t he  number o f  mo lecu les  o r  p a r t i c l e s  which have a 
g i v e n  p o s i t i o n  and v e l o c i t y  a t  a  g i v en  t ime .  The f i r s t  one who a p p l i e d  
t h e  mo l e cu l a r  approach t o  t h e  watershed prob lem p robab l y  i s  L i n ha r d  131, 
who f o rmu l a t e d  t h e  Maxwel l -Bol tzmann d i s t r i b u t i o n  f u n c t i o n  as t h e  p r o b a b i l i t y  
o f  l o c a t i n g  a  wa te r  mo lecu le  o r  p a r t i c l e  w i t h  a c e r t a i n  v e l o c i t y  i ,nder 
e q u i l i b r i u m  c o n d i t i o n s  i n  a  watershed.  The use o f  t h e  Maxwel l -Bol tzmann 
d i s t r i b u t i o n  t a c i  t ! y  abandons t h e  ac t ua !  non-equi 1 I b r i um  c h a r a c t e r i  s t i  cs of 
t h e  watershed, b u t  t h i  s imp1 i es an un r ea l  i s t  i c suggest i o n  t h a t  t h e  watershed 
prob lem may be  so lved  w i t h  a  minimum knowledge o f  t h e  watershed c h a r a c t e r i s t i c  
I n t h e  m i  c roscop i  c  hydrodynami c  approach, t h e  wa te r  i s  cons idered 
as  a cont inuum.  Thus, t h e  concepts  o f  cont inuum mechanics and hydrodynamics 
may be used t o  f o rmu l a t e  t h e  hydrodynamic equa t i ons  o f  mo t ion ;  e . g . ,  the 
1 
a r e  
l i t y  
equa t i on ,  d i f f e r e n t  s e t s  of t h e  hydrodynamic equat ions  can be der ived by 
va r ious  average e n t i t i e s  of the  Boitzmann d i s t r i b u t i o n  funct ion 
through a pe r tu rba t ion  procedure [ 4 I a  By solving t h e  Boitzmann equation f o r  
the d i  s t r i b u t i o n  func t ion  i n  success ive  approximation, f o r  i n s t ance ,  the  
Euler equat ions  a s  a zero-order approximation t o  t he  d i s t r i b u t i o n  func t ion ,  
the ~ a v i  er-Stok%s equat ions a s  a f i r s t -o rde r  approximation, and t h e  Burnstt  
equat ions a s  a second-order approximation t h a t  represent  t he  highest  degree 
of approximation so f a r ,  have been obta ined .  However, i t  i s  uncer ta in  whether 
the Navier-Stokes equat ions a r e  suf f  i ci en t  and adequate t o  desc r ibe  the  
mechanics of t h e  sur face  flow on a  watershed under a rainstorm. i t  appears 
that  t h e  desc r ip t ion  of t he  su r f ace  f low would not b e  s u f f i c i e n t  by  the  use 
of- the Navier-Stokes equat ions a lone .  Although i t  may be assumed t h a t  t he  
~ a v i e r - S t o k e s  equat ions a r e  v a l i d  f o r  t h i s  type of f low,  t he re  s t l l l  e x i s t s  
the d i f f i c u l t y  i n  p rescr ib ing  the complicated microscopic boundary condit ions 
such a s  t he  geometry and physi cal  cha rac t e r i  s t  i c s  of t h e  ground sur face .  The 
only way t o  circumvent t h i s  d i f f i c u l t y  i s  t o  consider  a s  a whole the  b u l k  
p roper t ies  of t h e  boundary condi t ions  such a s  a homogeneous average ground 
surface of some area l  e x t en t .  By t h e  in t eg ra t ion  and averaging procedures,  
the approach i s  thus transformed from a microscopic t o  a  macroscopic b a s i s .  
I n  t h e  macroscopic hydrodynamic approach, a s i d e  from t h e  f a c t  t h a t  
the surface-runoff  problem i s non 1 inear  and tha t  the  f r e e  sur face  i s not 
even with the Euler equat ions ,  t he  problem cannot b e  solved 
except f o r  very few l imited cases  [ s ] .  I n  o rder  t o  successful  ly use the 
macroscopic approach of s o l u t i on ,  two spec i a l  hypotheses must be assumed 
t o  approximate the  po ten t i a l  flow equat ions :  One i s  t h e  theory of i r r o t a -
tional waves of small amplitude, i n  which the  amplitude of t he  su r f ace  wave 
i s  considered small with respect  t o ,  say,  t he  wave length;  and t h e  o ther  i s  
the shal low water wave theory,  i n  which the  depth of water i s  considered smal 1 
with respect  t o ,  say again,  t h e  wave length .  I n  these  two t h eo r i e s ,  however, 
the po ten t i a l  flow equat ions ( o r  t h e  Euler equat ions)  do not include the 
v i s co s i t y  terms and hence cannot be appl ied t o  the  su r f ace  flow s ince  the 
boundary shear  e f f e c t  i n  the  flow i s  too  s j gn i f i c an t  t o  be ignored. Conse-
quent ly ,  another  type of governing equat ions  of motion simi l a r  t o  t he  
shal low water equat ions must b e  der ived from the  Navier-Stokes equat ions 
9 
t h r ough  t h e  ave rag i ng  process.  T h i s  i s  t h e  approach t h a t  i s  used i n  t he  
p r e sen t  s t udy .  By t h i s  approach, t h e  average v e l o c i t y  o f  f l o w  a t  any p o i n t  
i n  a watershed a t  any t ime  i s  cons i de red  o n l y  and t h e  p ressu re  i s  assumed 
h y d r o s t a t  i c  whi l e  t h e  dynami c  p r e s su r e  caused b y  t h e  r a i  n f a l  1 impact i s 
assumed as a h y d r o s t a t i c  i nc rement .  The equa t ions  o f  mo t i on  so f o rmu la t ed  
a r e  s i m i l a r  t o  t h e  conven t i ona l  s h a l l ow  water  equa t i ons  except t h a t  t h e  equa- 
t i o n s  a l s o  i n c l u d e  t h e  terms o f  t h e  boundary shear and t h e  momentum f l u x a s  
due t o  t h e  l a t e r a l  i n f l o w  and o u t f l o w .  i n  coope ra t i on  w i t h  t h e  equa t ion  o f  
c o n t i n u i t y ,  t h e  f l o w  equa t ions  c o n s i s t  o f  a system o f  quas i  l i n e a r  p a r t i a l  
d i f f e r e n t i a l  equa t i ons  f o r  two v e l o c i t y  components and a f l o w  dep th  a t  any 
p o i n t  i n  a  w a t e r s h e d  A  r ev i ew  o f  ava i  l a b l e  1 i t e r a t u r e  [ 6 , 7 ]  r e vea l s  t h a t  
even w i t h  t h e  use o f  t h e  method o f  c h a r a c t e r i s t i c s  i t  i s  more d i f f i c u l t  t o  
s o l v e  t h i s  system o f  d i f f e r e n t i a l  equa t i ons  d e s c r i b i n g  t h e  mechanics o f  f r e e  
s u r f a c e  f l o w  i n  a two-d imens iona l  watershed than i n  a  one-d imens iona l  case 
&e r e  t h e  f l o w  has o n l y  one d i r e c t i o n ,  because t h e  wave propagates a long 
cha rac te r1  s t i  c  su r f aces  r a t h e r  i:han a l ong  s imp le  c h a r a c t e r i s t i c  curves i n  
t h e  one-d imens iona l  case. One way t o  c i rcumvent  t h i s  d i f f i c u l t y  i s  t o  t r e a t  
t h e  f l o w  i n  a  watershed as a comb ina t i on  o f  two d i s t i n c t i v e  f l ows  as suygeste 
b y  Harbaugh and Chow [8]: ove r l a nd  f l o w  and channel  f l ow ,  each o f  which 
can be  cons i de red  as t he  one-d imens iona l  f l o w  w i t h  t ime  taken as an indepen-
dent v a r i a b l e .  T h i s  approach may be  c a l l e d  t h e  h y d r a u l i c  r o u t i n g  method. 
A cons i de rab l e  number o f  papers  have been pub1 i shed on t h e  i n v e s t i -  
g a t i o n  o f  t h e  mechanics o f  e i t h e r  o ve r l a nd  f l o w  o r  channel  f l ow .  Only ve r y  
few have been c a r r i e d  by  c ons i d e r i n g  a combinat ion o f  b o t h  f l ows  as a  whole.  
Among them, t h e  recen t  works o f  ~ o r g a l i  [ 9 ]  and Harbaugh [ l o ]  can be c i t e d ;  
however, t h e  method proposed b y  them may n o t  be j u s t i f i e d  because t h e  cond i -  
t i o n  a t  t h e  j u n c t i o n  between t h e  downstream end o f  t h e  o ve r l a nd - f  low p a r t  
and any p o i n t  o f  t h e  channe l - f l ow  p a r t  was no t  t r e a t e d  as an i n t e r n a l  boundars 
c o n d i t i o n  which shou ld  be s a t i s f i e d  b y  t h e  f l o w  v a r i a b l e s  o f  b o t h  p a r t s  a t  
t h a t  p o i n t .  
A f u r t h e r  s i m p l i f i e d  method, t h e  so-ca l  l e d  h y d r o l o g i c  r o u t i n g  
method, has been e x t e n s i v e l y  used f o r  many decades. Bn t h i s  approach, o n l y  
one equa t i on ,  t h e  equa t i on  o f  c o n t i n u i t y ,  i s  necessary  f o r  t he  s o l u t i o n  i f  
ano the r  f u n c t i o n a l  r e l a t i o n s h i p ,  wh ich  r e l a t e s  t h e  s t o rage  f u n c t i o n  :o t h e  
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function, can be formulated. The method is by no means theoretical ly 
but it is used quite often to obtain approximate solutions. Many 
and efforts have been made to develop the routing method based on 
this hypothesis Among them, the kinematic-wave method used by Lighthill 
and Whi tham I ?  lwagaki 1121, Henderson and Wooding [ 13 ] ,  and Wooding [14, 
151 i s  quite promising. Others such as the methods of Brakensiek, Heath, 
and  Comer [ 161, and Yu and McNown [ 171 can he consi dered as such methods 
although they d e r i v e d  the storage function from the momentum equation based 
,,some judicious assumptions. Huggins and Monke [18 ]  likewise used a 
sinliar approach except that the runoff function was derived from a different 
hypothesi s= 
As a lumped-system approach cannot answer the question as to how 
the pertinent parameters control the flow in a watershed, a natural step to 
pursue is the adoption of the distributed-system approach, in which the 
hydrologic routing method has been extensively used by the hydrologist, par- 
ticujarly on the flood routing of the channel flow. With the help of modern 
high-speed electroni c computers and the elaborate numeri cal technique, the 
: a t  
hydrologist has gradually focused his attention to the more rigorous approach 

isted 

o f  the hydrodynamic method applied to distributed systems. Unfortunately, 
because of tremendous difficulty in resolving some singularities at the boun- 
dary and initial conditions, the approach still remains at the stage of 
analyzing either the overland-f low part [19,20] or the channel-f low part [21-
231 on1 y. 
The present study aims to investigate the hyd~odynarni c behavior 
o f  free surface flow in a watershed by constructing a conceptual hydrodynamic 
model. With the present knowledge in mathematics, the basic laws governing 
the flow of the surface water on drainage basins can be formulated from the 
hydrodynamic princi ples. The hydraul ic routing method, in which the water- 
shed surface flow.can be conceptually divided into the overland flow and the 
channel flow parts, is the one-dimensional treatment of the surface water 
movement. Bn this a set of quasi linear partial differential equations with 
a p p r o p r i a t e l y  p r e s c r i b e d  boundary  and i r r i t i a l  c o n d i t i o n s  can be used t o  
s imu l a t e  ma t hema t i c a l l y  t h e  mechanics o f  b o t h  o ve r l a nd  f l o w  and channel 
f l o w .  The approach taken he r e  i s r i g o r o u s  and a c cu r a t e  enough f o r  p r a c t i  c a l  
purposes.  
~ e c a u s eo f  t h e  n a t u r e  o f  l i o n l i n e a r i t y  i n  t h e  conceptua l  model, t h e  
exac t  s o l u t i o n  seems no t  p o s s i b l e  un l ess  some terms a r e  adequa te l y  i gnored .  
Thus f a r  many techn iques  have been proposed t o  s o l v e  nunieri c a l  l y  f o r  t h e  
dep th  and v e l o c i t y  o f  f l ow ,  wh ich a r e  f u n c t i o n s  o f  space coo rd i na tes  and t ime  
v a r i a b l e .  However, some s i g n i f i c a n t  problems such a s ' s t a b i  1 i t y ,  convergence, 
and s i g u l a r i  t y ,  have y e t  t o  be i n v e s t i g a t e d .  One o f  t h e  main o b j e c t i v e s  i n  
t h e  p resen t  s t udy  i s  t o  f i n d . t h e  most powe r f u l  t e chn i que  t o  ana lyze  t h e  
d i s t r i b u t e d  system o f  t h e  s u r f a ce  r u n o f f  i n  a  watershed.  The one developed 
h e r e i n  i s  a  method o f  c h a r a c t e r i s t i c s  based on s p e c i f i e d  g r i d  i n t e r v a l s .  
A f u t u r e  ma jo r  o b j e c t i v e  f o r  th.i s s t u d y  i s  t o  i n v e s t i g a t e  t he  e f f e c  
o f  s to rm i n p u t  and b a s i n  c h a r a c t e r i  s t  i c s  upon d i s cha rge  ourput, and t he reby  
t o  unders tand  t h e  mechanics r j f  t h e  movement o f  s u r f a ce  wa te r  under c o n t r o l l e d  
c o n d i t i o n s  o f  t h e  i n p u t  and b a s i n  v a r i a b l e s  i n c l u d i n g  v a r i o u s  s t o rm ' p a t t e r n s ,  
b a s i n  geomet r y ,  su r f ace  roughness, channel  s t o rage  capaci t y ,  e t c .  I t w i  1 l 
be demonst ra ted l a t e r  i n  t h e  p resen t  r e p o r t  t h a t  such s t u d i e s  can be done on 
t h e  concep tua l  watershed b y  u s i n g  t h e  proposed mathemat i ca l  approach. k t  i s  
hoped t h a t  such s t u d i e s  w i l l  be made i n  f u t u r e .  S ince t h e  e f f e c t  o f  t h e  
f r i  c t i o n  c o e f f i  c i e n t  on t h e  o u t f l o w  hydrograph has been t h e o r e t i  c a i  l y  i n ves -
t i g a t e d ,  i t  wi 1 1  be  d i scussed  l a t e r  i n  t h i s  r e p o r t .  The e f f e c t s  o f  s i g n i f i c a  
terms i n  t h e  f l o w  equa t ions  such as t h e  channel s lope ,  t h e - ' f r i c t i o n  s iope,  
and t h e  ove rp ressu re  o f  r a i n d r o p  impact  on t h e  f l o w  c h a r a c t e r i s t i c s  can be 
i n v e s t i g a t e d  i n  t h e  f u t u r e .  I t  i s  expected t h a t  some o f  them have app rec i ab l  
e f f e c t s  t h e  hyd rodynamic  s t a h !  l ?  t y .  
The t h e o r e t i c a l  r e s u l t s  ob ta i ned  by  u s i n g  t h e  p resen t  method wi l l  
be checked w i t h  exper imen ta l  d a t a  ob ta i ned  f rom t h e  l a b o r a t o r y  watershed o f  
t h e  Watershed Exper imen ta t ion  System [ a bb r e v i a t e d  as WES]  developed i n  t h e  
Hydrau l i c Eng ineer ing  Labo ra to r y  o f  t h e  Un i v e r s i  t y  o f  l 1 1 i n o i  s  [24-261. 
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CHAPTER 20 THEORETI CAL CONS!DERATION 
The b a s i c  laws govern ing  t h e  F low o f  s u r f a ce  wa te r  ove r  watersheds 
a r e  t h e  p r i n c i p l e s  o f  t h e  conse r va t i on  o f  mass and momentum. Based on these 
t h e  equa t i ons  o f  c o n t i n u i t y  and momentum can be  f o rmu la t ed  by  
cons i de r i ng  t h e  mass and momentum f l u x e s  th rough  a sma l l  c o n t r o l  volume. The 
f l ow  equa t i ons  f o r  t h e  watershed f l o w  I s  then d e r i v e d  b y  ave rag i ng  t h e  hydro-  
dynamic equa t i ons ;  i ~ e - ,  t h e  Nav ie r -S tokes  equa t ions  and t h e  co r respond ing  
equa t ion  of c o n t i n u i  t y ,  o ve r  a  v e r t i c a l  i i n e  and ac ross  t h e  channel  s e c t i o n .  
Many i n v e s t i g a t o r s  have s i m p l i f i e d  t h e  method by  t r e a t i n g  i t s  one-d imens iona l  
case. However, i n  o r de r  t o  demonst ra te  t h e  hydrodynarni c behav i o r  o f  t h e  wa te r -  
shed f l ow ,  i t  appears wo r t hwh i l e  t o  s t a r t  t h e  a n a l y s i s  f rom t h e  genera l  case 
of th ree -d imens iona l  f l ow .  
The equa t ions  o f  c o n t i n u i t y  and mmentum f o r  f l o w  o f  t h r ee -d imens i ona l  
i ncompress ib le  Newtonian f l u i d  can be  ob t a i n ed  r e a d i l y  f r om  any book i n  f l u i d  
mechanics* I n  t h e  f o l  lowing a n a l y s i s ,  t h e  t h ree -d imens i ona l  Ca r t es i an  eoor-
d i n a t e  system i s used; however, t h e r e  i s no reason why one cannot use t h e  
c u r v i  l i n e a r  o r t hogona l  c oo r d i n a t e  system. B f f l o w  p a t t e r n s  ove r  a  n a t u r a l  
watershed can be more c l o s e l y  s imu la t ed  b y  a  mathemat i ca l  model i n  t h e  cu rv i -  
l i n e a r  o r t hogona l  coo rd i na te  system t han  in t h e  Ca r t e s i a n  c oo r d i n a t e  system, 
then t h e  one c l o s e r  t o  t h e  n a t u r a l  f l o w  p a t t e r n  shou ld  be used. Thus, t he  
s e l e c t i o n  o f  t h e  coo rd i na te  system becomes essen t i  a1 b e f o r e  t h e  f o rmu l a t i  on 
of t he  f l o w  equa t i ons ,  I f  t h e  f l o w  ove r  a  watershed I s  assumed two-d imens iona l  
inspace, t h e  f l o w  p a t t e r n  i n  f a c t  becomes p a r t  o f  t h e  s o l u t i o n s .  However, i n  
the one-d imens iona l  approach, one ought  t o  f i x  t h e  c o o r d i n a t e  system un less  
the  t ime  v a r i a t i o n  o f  t h e  f l o w  a p t t e r n  i s  known 3 " " .  From t h e  eng i nee r i ng  
p o i n t  of v iew, however, t h e  r ~ e t h o d  t h u s  developed i s  s u f f i c i e n t l y  accu ra te  
fo r  p r a c t  i ca 1 purposes.  
I n  t h e  d e r i v a t i o n  o f  t h e  f l o w  equa t ions  some remarks made i n  
Chapter 1 must be  r e ca l  led .  The en t  i r e  f l o w  o f  s u r f a ce  wa te r  i s cons idered 
as a  s i n g l e  s t ream-tube bounded b y  two stream su r f aces :  t h e  f r e e  water  s u r f a c e .  
and t h e  ground su r f ace .  The c r o s s - s e c t i o n  o f  f l o w  i s  t a c i t l y  assumed here as 
e qu i - t o t a l - h ead  su r f ace  because t h e  v a r i a t i o n s  i n  v e l o c i t y  and p ressu re  normal 
t o  t he  main d i  r e c t i o n  o f  t h e  nonun i fo rm f l o w  a r e  i gno red .  There a r e  two k i n d s  
of coordinate systems which can be used to derive the equations of motion 

and continuity. One coordinate system is to assume that equi-total-head 

surfaces are vertical and the direction of flow is horizontal with the 

average veloci ty def ined in the same d i rect io n  The other coordi nate system 
having been extensively employed by many hydraul i cians such as Chow [231 i s 
that in which on the equi-total-head surfaces the average velocity may be 

taken parallel to the ground surface. Therefore, in the former coordinate 

system, flow equations are derived with respect to the horizontal coordinate, 
while in the latter coordinate system, the flow equations are derived with 
respect to the coordinate along the bottom. However, in the latter coordina: 
system, the approximation is be1 ieved to be better tha,n in the former coor-
dinate system as the direction of the coordinate is closer to that of the 
average stream1 ine.  Thus, in the fol lowing analysis, the latter coordinate 
system will be adopted. 
With reference to the representative elementary control volume in 

the fixed Cartesian coordinate system as shown in Fig. 2, the equaton of 

continuity derived for incompressible fluid is 

where u = ~(x,~,z,t), = = ~(x,~,z,t)v v(x,y,z,t), and w are the velocity 
components in the directions of the x-, y-, and z-axes, respectively. In 
order to integrate Eq. (2.1) over a section parallel to the z-axis, which 
is normal to the ground surface, the boundary conditions on the free surface 
and the bottom (or ground) surface must be known 
The kinematic boundary condition at the free surface, z = d ( x ~ ,t), 
1 S 
a 
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F ( b )  Two-Dimensional Flaw of Surface Water 
1 !* *F 
!, FIG. 2, SURFACE FLOW ON AN INCLINED SURFACE 
gravitational force makes with the z-axis, and d is the depth ot tlow d 
-
section. rhe x, y-plane is chosen as the bottom of the watershed flow; h 
hence d represents the variable depth of water surface normal to the bottom. a 
At the bottom, z = 0, the kinematic boundary condition is 
- i cos0z (2 3) 
where i is the infiltration rate of the ground.  The infiltration rate is 
positive when water moves into the ground surface and negative when water m 
out from i t .  Usually the rainfall intensity and the infiltration rate are 
both measured on the horizontal surface so that multiplying them by cose z i 
necessary 
The integration of Eq.  (2.1) with respect to z yields 
k d i + f & d z = O 
Sd $ d r  +J: a z  (2.4) 
0 
in which the integration of each term is evaluated from the leibnitz r u l e  o 
differentiation under the integral sign Since 
au V ad=z--dz=~- IJ dz u(xjy,d,t) 
with the help of E q s  (2.2) and (2$3), Eq .  (2.4) becomes 
.d a ~d 2 A 
he neglecting the variations in velocity and pressure normal to the main 
direction of the nonuniform flow as mentioned previously, the depth of flow, 
h, a s  shown in Fig 2 ( b ) ,  is measured i n  the vertical line, zi-axis. The 
tom ,,,rage velocity must be first defined as follows: Let? 
3) 

S 
' r  move 
!re 

i s 
Z 
-
where u and v are the average velocity components in the directions of the 
x- and y-axes, respectively. They are functions of x, y and t, but not of z .  
Then, Eq .  (2.6) can be reduced to 
4) 
e o f  
53) 

This is the equation of continuity for the two-dimensional watershed flow 

In the hydraulic routing method for which the flow is considered 

5b) 	 as one-dimensional, Eq. (2.8) can be further simplified by integrating it 
over the y-direction. Here y is taken as the axis normal to the longitudial 
direction of the channel flow, which is along the x-axis When the watershed 
flow i s  divided into overland flow and channel flow, strictly speaking, the 5cs 
surface of contact between the two flows (later referred to as the internal 
boundary) vari es w i  th time and the x-coordi nate 
Figure 3 illustrates schematically the junctions of the channel 
flow with the overland flows from two sides of the channel it must be  noted 
I 61 that the space coordinates ( ~ , ~ , z )  flow and are the same for both channel 
overland flows. However, the origins of these coordinates are different as 
Overlend 	 Flow in Side " I "  
Over land 	 Flow in Side "2"  
F IG 3 	 JUNCTIONS OF THE CHANNEL FLOW W I T H  THE 
OVERLAND FLOWS 
Shown i n  t h e  f i g u r e .  Also, t h e  s u b s c r i p t s  " 1 "  and "2" a r e  appl i ed t o  t h e  

oordi  n a t e s  f o r  t h e  over land flows whenever t he re  i.s such a  necessi  t y .  

As i n  Fig.  3 ,  t h e r e  a r e  two su r f aces  of contact  r e spec t ive ly  on two 

,ides of t he  channel,  one i s  descr ibed  b y  y = (x, t )  and t h e  o t h e r  b y  

= v 2 ( x 2 t ) .  i t  i s  noted tha t  t h e  longi tudina l  d i r e c t i o n  of t h e  overland 
f l o w  from e i t h e r  s i d e  impinging i n t o  t h e  channel flow a t  t he  su r f ace  of con-
i s  not necessar i  l y  normal t o  t h e  longi tudina l  d i r e c t i o n  of t h e  
channel f l o w  The angle  of i n c l i n a t i o n  t h a t  t h e  overland flow makes w i t h  t h e  
l ine normal t o  t h e  longi tudinal  d i r e c t i o n  of channel f low i s  designated b y  
lli1 i n  t h e  s i d e  " 1 "  overland flow and Ijr2 i n  t h e  s i d e  "12" overland flow as  
s h o ~ ~ ni n  F i g ,  3 .  For convenience f o r  l a t e r  a n a l y s i s  i n  momentum f luxes  
due t o  l a t e r a l  inflow and outflow, $ and $ a r e  r e f e r r e d  t o  a s  p o s i t i v e1 2 
i f  they a r e  in t h e  same d i r e c t i o n  a s  t h e  channel flow and a s  nega t ive  i f  
otherwi-se 
General ly  speaking, i n  na tu ra l  watersheds t h e  bottom of a channel 
flow i s  approximately considered a s  a f ixed  boundary except t h a t  t h e r e  may 
be  a s l i g h t  change i n  bottom conf igura t ion  due t o  sediments t r anspor t ed  under 
cer tain flow condi t ions .  Therefore,  a s  shown i n  cases  ( a ) ,  ( b ) ,  and (c) 
of F i g .  4 ,  t h e  downs.trean boundaries of overland flows a t  t he  two s i d e s  of 
the channel f low a r e  near ly  f ixed  although t h e r e  may be a l i t t l e  va r i a t i on  
during a f lood s t age .  Under such cond i t i ons ,  two s u r f a c e s  of contac t  can 
be assumed independent of time. Furthermore, i f  t h e  f low i s  s teady  and the  
channel i s  p r i sma t i c ,  t h e  two su r f aces  simply become f i x e d .  I n  a na tura l  
channel of f a i r l y  long reach with a f a i r l y  constant  c ros s - sec t iona l  shape, 
t h e  channel may be  assumed pri  sillat i c .  I n  contras-t w i  t h  t h e  na tu ra l  watershed, 
the labora tory  watershed such a s  the  one being s tudied  i n  t he  WES [24,25] 
has  the  s u r f a c e s  of contact  t h a t  depend  on both x and t .  For t h i s  case, 
Y = q i ( x 2 t )  and y = T 2 ( x 9 t )  a r e  two unknown func t ions ,  which cannot be 
~redeterrnined unless  some judi c ious assumptions a r e  made t o  approximate the  
mndi t Ions.  Detai 1 s  of the  proposed approach wi f 1 b e  d i  scussed 1 a t e r  i n  
t h i s  r epo r t .  
I t  i s  a l s o  noted t h a t  t h e r e  i s  a  val-iety of junc t ion  condi t ions  f o r  
the overland f low t o  meet the  channel flow i n  a  na tu ra l  watershed. As shown 
Z Cose ( a )  Lateral Inflows f r o m  Two Sides 
Case ( b )  Lateral  Inf low and Lateral Outf low 
Cose ( c )  Latera l  Ou t f lows  from Two Sides 
I 
~ Y = ? , ( x , t , )  L.r , -. 
Cose  ( d )  Conditions in The L ~ b o r ~ t o r yWatershed 
FIG, 4. VARIETY OF CASES FOR LATERAL INFLOWS AND ObiTFLO 
20 
i n  ~ i g .4,. the overland flows on the two sides of the channel flow can be 
c,,5idered as (a) both lateral inflows, ( b )  one lateral inflow and the other 
lateral outflow, or (c) both lateral outflows with respect to the channel 
flow* 
The kinematic conditions at y = ll(x,t) and y = V2(x,t) f o r  a 
general case such as shown i n  Fig. 3dare 
-
respectively. Here v l  and; 2 are the velocities of flow i n  the sides "1" 
and "2" of the channel flow, respectively integrating Eq.  (2.8b) with 
respect to y f r m  y = V2(x9t) to y = v1(x,t) yields 
A g a i n ,  each term of Eq. (2.11) can be integrated by using the Leibnitz rule 
of differentiation under the integral s i g n :  
?I--- a a q ~a h  dy = ----. i?h d y - h-----

?* 
a t  a t  J 
l2 
at 
Y = v ,  
+ h-
Y = q2 

( a . i 
w -
i n  wh i c h - T  = ni  - q2 i s  t h e  top w i d t h  o f  t h e  channel ,  r and i a he i n t  
g r a t e d  rainfal l i n t e n s i t y  and i n f i  l t r a t i o n  r a t e  d i v i d e d  b y  t h e  w i d t h ,  
r e s p e c t i v e l y .  That i s ,  
( 2 . 1  
L e t  QL be t h e  t o t a l  d i s cha rge  o f  t h e  l a t e r a l  i n f l o w  and/or o u t f  per ur; 
l e ng t h  of t h e  channel flow from t he  overland-flow p a r t s .  Then 
- =" 7 h cos$ + h cos$ 
cose 1 1 y = ? ,  2 2 y = T 2
Z 
S u b s t i t u t i n g  Eqs. (2 .9)  through (2.15)  i n t o  each term o f  Eq. (2 y i e l e  
( 2 . 1  
bet the following quantities be de f i ned :  
- - - 
where Q = AV i s  t h e  t o t a l  d i s cha rge  pass i ng  t h rough  t h e  t o t a l  c ross-
,,,tional area,  A ,  o f  t h e  channel f l o w .  Thus, 
where V i s  t h e  average v e l o c i t y  o f  t h e  f l o w  s e c t i o n .  Th i s  i s  t h e  equa t ion  
of c o n t i n u i t y  f o r  t h e  channel f l o w  i t i s  no ted  t h a t  t h e  v a l u e  o f  7 i s  
p o s i t i v e  i f  t h e  channel i s  an i n f l u e n t  st ream and n e g a t i v e  i f i t  i s  an 
e f f l u en t  s t r e a m  From E q .  (2 .19) ,  t h e  equa t i on  o f  c o n t i n u i t y  f o r  t h e  over-
land f l ow ,  w h i c h - i s  a c t u a l l y  a s p e c i a l  case o f  t h e  channel  f l ow ,  can be 
r e a d i l y  o b t a i n ed  b y  c ons i d e r i n g  t h a t  t h e  d i s cha rge  pe r  u n i t  l eng th ,
-
Q = q, 
t h e  v e r t i c a l  c r o s s - s e c t i o n  a rea  pe r  u n i t  l eng th ,  A = h, T = 1 ,  V = u, t h e  
l a t e r a l  i n f l o w  term, qL, van ishes,  and r = r and i= i . Hence, q = uh cosOZ 
~ h u s , Eq . (2.19) becomes 
-
i n  f a c t ,  Eq .  (2.20) can be ob t a i n ed  d i r e c t l y  f rom Eq. (2 .8)  by  s e t t i n g  v = 0. 
2 - 2 .  
The Navi er -Stokes equa t i ons  f o r  f l o w  o f  i ncompress ib ie  Newtonian 
f l u i d  i n  t h e  g r a v i t a t i o n a l  f i e l d  a r e  
where p  i s t h e  p ressure ;  g i s t h e  a c c e l e r a t i o n  o f  g r a v i t y ;  P i s  t h e  mass 
d e n s i t y o f  f l u i d ;  IJ i s  t h e  k i n em a t i c v i s c c ~ s i t y o f  f l u i d ;  and 9 
x s  
0y9 and 0 Z 
a r e  t he  a n g l e s  of i n c l i n a t i on  t h a t  t h e  g r av i t a t i ona l  f o r c e  makes with the 
x - ,  y- ,  and z-axes, r e spec t ive ly ,  a s  shown i n  F i g  2. However, @z i s  defined 
somewhat d i f f e r e n t l y  from t h e  o t h e r s  because of convenience i n  t he  l a t e r  
a n a l y s i s  Th e  vector  no ta t ion  0' i s  def ined as  
-ihe  kinematic condit ion a t  t he  f r e e  s u r f a c e ,  z = d ( x , y , t ) ,  has 
been spec i f i ed  b y  E q .  ( 2 . 2 )  As a f i  rst-order- approximation, i f  the suri2c:e 
t ens ion  i s  ignored t h e  dynamic condit ion a t  t he  f r e e  su r f ace  i s  
T h e  kinematic  condit ion a t  t h e  ground su r f ace ,  z = 0, has been a l s o  speci F i e t i  
by  Eq. ( 2 . 31 ,  whereas t h e  dynamic condit ion a t  z = 0 i s  unknown 
The in t eg ra t ion  of Eq. ( 2 . 2 1 ~ )  with respec t  t o  z y i e l d s  
where each term i s  evaluated by t h e  Leibni tz  r u l e  of d i f f e r e n t i a t i o n  uncle; 
t h e  i n t eg r a l  sign a s  follows: 
ad 
w dz - v(x ,y ,d , t )w(x,y ,d , t )  b; ( 2 . 2 4 ~ )J : ~w d z  - ~ d g" 
g cos8 dz  = -g  cos6 d ( i f  0 = constant )
Z Z Z 
i f  we f u r t h e r  assume t h a t  t he  boundary shear on t h e  bot tom i s  t h e  o n l y  r e s i s -  
tance f o r c e  aga ins t  t h e  f low,  some terms such as t h e  express ion of t he  i n t e r n a l  
s t ress i n  t h e  Navier-Stokes equat ions  can be ignored. The remain ing terms 
are 
where T and T a re  the  shear ing s t r esses  over t he  sec t i o n  normal t o  the 
ZX  ZY 
z - a x i s  i n  t he  d i r e c t i o n s  of the x- and y-axes, r e spec t i v e l y .  Hence 
I n  order  t o  s u b s t i t u t e  Eq.  (2.24) i n t o  Eq. ( 2*23 )  w i t h  t he  a i d  o f  Eqs .  (2.2) 
and (2.31, t h e  f o l . l ow i ng  add i t i o n a l  r e l a t i o n s h i p  must be es tab l  i shed from t h e  
equat ion o f  c o n t i n u i t y ,  o r  Eq.  ( Z ! * I ) ~  
Furthermore, from Eq.  ( 2 * 2 ) ,  f o r  t h e  water su r f ace  
and f o r  t h e  ground su r f ace ,  
2( x ~ ~ , Q ~ ~ )-w(x,y, OS) i cosez (2.27b)w = 
Hence, incorpora t ing  Eqs- (2.241, ( 2 . 2 6 ) ,  and (2 .27)  w i t h  Eq.  (2.23) y i e l d s  
f w d Z + & f  u w d z + ~ ;a f v w d z - j d w q s  dzG - X 0 
0 0 0 
= =-q d C O S ~ - (2.28) 
u 

i c rpferredwhere , - .  - .  . w gS z 
0 
t h e  i n t eg ra t ion  of a  source ( r )  and/or s ink  ( 1  q S  w i  
component of flow, w, along a l i n e  p a r a l l e l  t o  t h e  z-axis  from the cr .af i lc l  
bottom t o  the  f r e e  su r f ace -  
, ,-,-..  
I n  t he  eva lua t ion  of momentum in f lux  per u n i t  mas:; t o  tne I- I uw n . .  -
a t  t h e  f r e e  su r f ace ,  w ( ~ ; ~ , d ~ t )  COS"~  a t t e n t i o n  must be 1r 
fol lowing phenomena. A l l  approaches7 except t h e  moieculiir appro; 
t h e  r a i n f a l l  i n p u t  a t  t h e  f r e e  sur face  a s  a continuous medium of 
' ' 
than a s y s t ' e  of water pa r t i  c l e s .  i n  r e a l i t y ,  water i s add 
t h e  f r e e  sur face  i n  t h e  form of raindrops.  For a  p a r t i c u l a r  Kin 
t h e r e  i s a  d i s t r i b u t i o n  of raindrop s i z e s  per U" t hor izonta l  ail 
t irne. I f  t he re  a r e  "n" number of raindrop s i  zes 
unit area (AB )  and time (~t), the rainfall intensity, r ,  can be  
ressed in terms of 6 i  b y  assuming that each raindrop is of a spherical 
shape9 as 
~h~ size distribution of raindrops is an impartant characteristic of a 
,,instorm Another important characteri st i c of the rainstorm i s the con- 
centration of raindrops, c, defined as [ 2 7 ]  
The si me distribution and the concentrat ion of ra indrops  may be significant 
in the microscopic study of rainfal I ,  but not in the macroscopic study. For 
convenience, one may choose a representative si ze, say the mean raindrop 
size 6 and the standard deviation to signify the size distribution; but they 
m9 
are not considered in the present analysiso 
Field observation a l s o  reveals that each raindrop of different 
s i z e  has its own terminal velocity of fall, A i s  As we have assumed that there 
are "n" number o f  raindrops per uni t area per uni  t time, the mean terminal 
velocity of fall, A, is defined as 
With this definition, the momentum influx per unit mass normal to t h e  flow 
at the free surface of unit area due to the raindrops can be evaluated by 
i n  which fiIr is the momentum correction factor for the distribution of  the 
terminal velocities of fa1 l of the raindrops if the mean terminal velocity 
of fall i s  not perpendicular to the flow, the preceding relation, Eq .  (2 .32) ,  
27 
must be m u l t i p l i e d  by  a  c o r r e c t i o n  f a c t o r ,  cos(oZ + P , ) ~  i n  wh ich @ i s  t h e  
z 
a ng l e  o f  i n c l i n a t i o n  t h a t  t h e  mean t e rm i n a l  v e l o c i t y  o f  f a l l  makes w i t h  t h e  
v e r t i c a l  l i n e ,  as shown i n  F i g .  2.  Consequent ly,  t h e  a c t u a l  momentum i n f l u x  
per  u n i t  mass a t  t h e  f r e e  s u r f a ce  o f  u n i t  a rea i s  
w(x ,y ,d , t )  r cosez = -B r r A cosuz ~ o s ( 0 ~  ( 2 . 3 3 )+ $2 
I t  i s  no ted  t h a t  we s h a l l  r e f e r  t o  @ z as p o s i t i v e  when i t  i s  i n  t h e  d i r e c t i o n  
o f  f l ow ,  and as nega t i v e  when i t  i s  i n  t h e  oppos i t e  d i r e c t i o n  i n  a d d i t i o n  
t o  t h e  momentum i n f l u x  pe r  u n i t  mass t o  t h e  f l o w  a t  t h e  f r e e  su r face ,  t h e r e  
i s  a  momentum e f f l u x  pe r  u n i t  mass f rom t h e  f l o w  on t h e  ground su r f ace  b y  
i n f i 1 t r a t i  on, ~ ( X , ~ , O ,t )  i cosBZ. Because t h e  average in f  i 1 t r a t  i o n  v e l o c i t y  
t h r ough  t h e  ground su r f ace  i n  t h e  d i r e c t i o n  normal t o  t h e  su r f ace  i s  u s u a l l y  
v e r y  sma l l  i n  compari son w i t h  t h e  t e rm i na l  v e l o c i t y  o f  f a 1  1 o f  t h e  r a i nd rops  
t h e  te rm W ( ~ ~ , O , ~ )  i coseZ may be e n t i  r e l y  i gno red  f rom t h e  p resen t  ana l y s i  
as a f i r s t - o r d e r  approx ima t ion  a 
Furthermore,  i f  t h e  f l o w  i s  v e r y  sha l  low such as t h e  ove r l and  f l o  
w i s  v e r y  smal l  i n  comparison w i t h  u and v .  There fo re ,  f o r  s i m p l i c i t y ,  w  i 
assumed zero  w i t h i n  t h e  f l o w  domain o f  i n t e r e s t  except  a t  t h e  f r e e  su r f ace  
f o r  b o t h  ove r l and  f l ow  and channel  f l ow .  [ n c o r p o r a t i n g  Eq. (2.22) and a l l  
t h o  n + h a r  3.qql lm~t ionS w i t h  Eq (2.28) y i e l d s  
p  (x,y,O, t) = pgd cosez + cos(eZ + @,I
rP r  
I f t h e  p ressu re  i s  assumed t o  be  composed o t  t h e  n y a r o s L a ~ t  L pt c..UI &, 
-1, 
~ q ( d- z) cos8_, and t h e  dynamic p ressure ,  say p g h " ( x 9 y 9 z , t ) ,  which comes 
8 -
L 
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l I l Q l 1 1 1 ~  1 ,  fr- t h P  . - t h e  fo1 low ing  form f o r  t h e  p ressure  can r a i n d r o p  impact ,  1l l V l l l  - 3 . - 4 
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n infinitesimally small depth, Ad, frcm t h e  free surface. From 
-1-
(2.39b), it is noted that hd' for 0 5 z < d varies with x, y, and 
.e., the pattern of rainstorm), but not z .  Except at the front of 
-7, 
the rainstorm, the variation of h" with respect to x, y, and t is smal l 
and can be assumed negligible, Therefore, 

LVA -1. -74 -1. 
ah" O ,  a- hf' - 3h" 
- 0, - = oahf' - - - 0 ,  - - (2.40)3~ 3~ az at 
I f  the overall pressure distribution function is known, E qO  (2.21a 
and (2.21b) can be integrated over the z-axis in a similar procedure as did 
for Eq. (2.21~). For the integration of Eqs. (2.21a) and (2.21b) over the 
z- ax is, however, two following additional relationships simi lar to Eq.  (2.2 
must be used in the mathematical manipulation: 
Also 

For 

the ground surface, 

i = - vi  cose vw z z = o  z = o  
Wi th  t h e  h e l p  o f  Eqs. ( 2 . 2 ~ ) ~(2 .35) ,  and (2.39), t h e  p ressure  
term i n  Eq.  (2#21a)  can be i n t e g r a t e d  as 
i2 .21a)  
s d i d  
t he  lid - Ad --.
= - L E(2.26) p ax  J, 0 g [ (d  - z) cosez + h9'] dz 
-1-
Let Ad approach ze ro  and ah6'/ax b e  assumed neg 1 i g i b  l e  [ E ~ .(2.40) 1. Then, 
= - g(h  cos 2gZ + h") -'- 3h cosez 
Wi th  t h e  a i d  o f  Eq .  (2.25a),  t h e  v i s c ous - f o r c e  term i n  Eq. (2.21a) 
can be  i n t e g r a t e d  a s  
( i f  7 
ZX 
where I- i s  t h e  boundary shear i n  t h e  d i  r e c t i o n  o f  t h e  x - a x i s .  
OX 
3 1 
With t h e  a i d  o f  Eqs. (2 .22)  and (2.351, t h e  p r e s s u r e  t e  
Eq. (2.21b) can be i n t e g r a t e d  as 
With t h e  a i d  o f  Eq. (2.25b),  t h e  v i  scou 
can be  i n t e g r a t e d  as 
where i s t h e  boundary shear i n  t h e  d i  r e c t i on 
OY 
F i n a l l y ,  Eqs. (2 .2 ia )  and (2.21b) a r e  i 
f o l  l o w i n g  forms: 
= gd s inex  - g ( h  cos 2B~ + h*) 3h c o s ~  
z 
2 "- ah 
= gd s i n e  - g ( h  cos eZ  + h") 8; cosQZ
Y 
For  convenience, t h e  v e l o c i t y  d i  s t r i b u t  
momentum computat ion,  o r  t h e  momentum c o r r e c t i o n  
s - f o r c e  term i n  

o f  t h e  y - a x i s .  

n t e g r a t e d  t o  becm e  t h e  

i o n  c o e f f i c i e n t s  f o r  t h e  

f a c t o r s ,  a r e  exp ressed a 

The momentum i n f l u x  terms a t  t h e  f r e e  su r f ace  g i v en  by  Eq.  ( 2 . 3 2 )  
be  expressed i n  terms o f  t h e  average t e rm i na l  v e l o c i t y  o f  r a i n d r op s  and 
t h e  ang les  of  i n c l i n a t i o n  t h a t  t h e  average t e rm i na l  v e l o c i t y  makes w i t h  t h e  
,-and y-axes (see F i g .  2) . However, t h e  momentum e f f  1 ux a t  t h e  ground su r -
face may be  assumed ze ro  because t h e  amount o f  t h e  i n f i 1 t r a t e d  wa te r  i n t o  t h e  
g r o und  su r f a ce  i s  u s u a l l y  r e l a t i v e l y  sma l l  as compared t o  r a i n f a l l  i n pu t  as 
desc r ibed  p r e v i o u s l y .  Therefore, 
I n c o r p o r a t i n g  Eqs. ( 2 . 7 ) ,  (2 .53) ,  (2.54),  and (2.55) w i t h  Eqs. (2.51) apd (2.52) 
one can t h u s  have 
2 ' ah ' 1 ox 1 
-;;-= gh s inex  - g (h  cos BZ + h") ----P C O S ~ ~  
2 ah 1 
= gh s i n 6  - g (h  cos e + h*) - --
Y Z Qy p costi' 2  
These & r e  t h e  equa t ions  o f  momentum ( o r  mot ion)  f o r  t h e  two-dimensional  f l o w  
over a  watershed.  The one-d imens iona l  c o n s i d e r a t i o n  o f  t h e  f l o w  leads t o  

l u r e  which  B 1 and @ 2 a r e  t h e  momentum c o r r e c t i o n  f a c t o r s  o f  o ve r l and  f l o w  on 
; b zn i l e ]  he s i  des " 1 "  and "2" i n  F i g .  3 o f  t h e  channel f l ow ,  r e s p e c t i v e l y .  They 
tong imp l y  become u n i t y  i f  P and P a r e  assumed u n i t y .  Then, combining
X X Y  
-ms i n  
~ q (2.58), ( 2 . 59 ) ,  and ( 2 . 6 0 )s y i e l d s  
3 t i  or.) 
i ch .the momentum c o r r e c t  i o n  f a c t o r  @ f o r  t h e  
annel  f l o w  i s  d e f i n ed  i n  terms o f  t h e  f o l  lowing:  
c r o s s  sec t  i o n  o f  t h e  
and t h e  t o t a l  momentum f l u x  due t o  l a t e r a l  i n f l o w  and/or  o u t f l o w  i s  expressed 
t a c t ,  
f 1Oh1 
Here t h e  t o t a l  d i s cha rge  due t o  l a t e r a l  i n f l o w  and/or o u t f l ow ,  q L ,  i s  d e f i n e d  
-
i n  Eq.  (2 .15)  and u = V f o r  channel  f l ow .  The momentum c o r r e c t i o n  f a c t o r  f o r  
l a t e r a l  i n f l o w  and/or o u t f l ow ,  j3 which depends on t h e  va l ues  o f  P I  and p2,L' 
s imp l y  becomes u n i t y  when P I  and p2 a r e  a l l  assumed u n i t y .  
r1 (4 h  s i n e 2  dy = gA s i ne  x  /cos6 z 
712 
TI g (h  2 cos eZ  + h;ir) $ d y = g ~a ?  (‘i 1 h C O S ~ ~z + h+') h. dy 
q 2  q2 
-
ax
 (, [A 
 cos26 + hi")] z 
z 

i n  whi ch h, t h e  depth o f  t h e  c e n t r o i d  o f  t h e  c ross -sec t i ona l  area, A,  from 
the  f r e e  sur face,  i s  de f i ned  by  
-
C O S ~ ~  1 21 h2 dy"=f 

1 2  
Be fo re  the  boundary-shear term i s in teg ra ted  over  t h e  cross-sect i 
some remarks must b e  made The f r i c t i o n  s lope,  S f x 9  i n  t h e  d i r e c t i o n  o f  t 
x - a x i s  i s . i n t r o d u c e d  t o  i n d i c a t e  t h e  f r i c t i o n  loss,  h f 9  per  u n i t  l o n g i t u d i  
leng th ,  which should be d i s t i n g u i s h e d  from t h e  g rad ien t  o f  t h e  t o t a l  head, 
That i s ,  
ahf 

S f X  = =zT- 2Y-

Hence, t h e  boundary shear, which i s  assumed equal t o  th.at o f  a  un i fo rm f l o  
w i t h  t h e  same depth and v e l o c i t y  on a sur face  hav ing t h e  requ i red  s lope of  
S f x 2  may be w r i t t e n  as 
7OX = pgh s f x  ,COseZ 
where 0  z and S f X  a re  assumed independent o f  y .  Consequently, 
2.65) 

2.67) 

from 
? .68) 
sect ion 
jf t h e  
u d i n a l  
lad, Th 
. .69) 
f l o w  
o f  
.70) 

combining a1 1 t h e  terms expressed b y  Eqs. (2 .58 ) ,  (2 .62 ) ,  (2.64),  ( 2 . ~ 5 ) ~  
( 2 . 6 ~ ) ~  and y i e l d s(2 .671 ,  (2 .71)  
-	 Thi s i s t h e  e q u a t i o n  o f  momentum f o r  t h e  channel  f l o w .  I t shou ld  be no ted  
t h a t  t h e  i n t e g r a t i o n  o f  Eqa (2.57) o v e r  t h e  c o r s s  s e c t i o n  o f  f l o w  w i l l  n o t  
produce any a d d i t i o n a l  r e l a t i o n s h i p .  The e q u a t i o n  may b e  used t o  develop 
the e q u a t i o n  o f  momentum f o r  t h e  o v e r l a n d  f l o w  b y  i n t e g r a t i n g  i t  over t h e  
u n i t  l e n g t h  i n  t h e  x - d i r e c t i o n ;  however, i t  can be d e r i v e d  d i r e c t l y  from 
E q  (2.72) i f  t h e  d i r e c t i o n  o f  t h e  o v e r l a n d  f l o w  i s  c o i n c i d e n t  w i t h  t h e  
x - a x i s .  That  i s ,  
Equat ions (2.19) and (2.72) fo rm a s e t  o f  q u a s i l i n e a r  p a r t i a l  
d i f f e r e n t i a l  equa t ions  f o r  t h e  channel  f l o w ,  w i t h  o v e r l a n d  f l o w  as i n p u t .  
Whi le  Eqs. (2.20) and (2.73) fo rm a s e t  o f  q u a s i l i n e a r  p a r t i a l  d i f f e r e n t i a l  
equa t ion  f o r  t h e  o v e r l a n d  f l o w .  These s e t s  o f  e q u a t i o n s  must be so lved 
s i m u l t a n e o u s l y  f o r  t h e  dep th  and v e l o c i t y  o f  f l o w  w i t h  t h e  h e l p  o f  t h e  
a p p r o p r i a t e l y  p r e s c r i b e d  boundary and i n i t i a l  c o n d i t i o n s .  The s o l u t i o n s  
shou ld  be u n i q u e  i f  t h e  boundary and i n i t i a l  c o n d i t i o n s  s p e c i f i e d  a re  
p h y s i c a l  l y  c o r r e c t  i n  o r d e r  t o  s o l v e  t h e  s e t s  o f  quas i  l i n e a r  p a r t i a l  
- - - 
d i f f e r e n t i  a1 equat ions, t h e  f r i c t i o n  slope, S f x 3  t h a t  i s an unknown f u n c t i o n  
o f  space coord ina tes  and t ime, should be expressed i n  terms o f  f l ow  v a r i a b l e  
The e va l ua t i on  of  the  f r i c t i o n  slope, S f x 9 wi 1 1  be shown below.  The subscr i  
I 1  I ix o f  t h e  f r i c t  i on s lope wi 1 1 be removed h e r e a f t e r  because confus i  on w i  l 1 
be no longer  i n v o l v e d  Because the  f l o w  equat ions f o r  t h e  over land  f l ow ,  
Eqs. (2,201 and (2.73), can be ob ta ined  by  s e t t i n g  D = hcoseZ, T = 1,  V = u 
r = r, i = i ,  and qL = 0 i n  t he  f l o w  equat ions f o r  t h e  channel f low,  Eqsa 
and (2.72), t h e  over land  f l o w  i s thus cons idered as a spec i a l  case o f  t h e  
channel f l o w  Although t he  f o l l ow i n g  ana l y s i s  i s  made o n l y  f o r  the channe 
f l ow ,  i t  i s  understood t h a t  t h e  same ana l y s i s  can be appi  i e d  t o  the  o ~ e r l a  
f l o w  as w e l l .  Any conve r t i ng  f a c t o r  o r  v a r i a b l e  f rom t h e  channel f l o w  t o  
t he  over land  f l o w  w i l l  be  mentioned wherever i t  f i r s t  appears i n  the t e x t .  
2-3 a 
2-3- 1 . 
An a l t e r n a t i v e  way o f  express ing Eq. (2.72) i s  t o  combine t h e  
overpressure term w i t h  t h e  f r i c t i o n  s lope t o  form a  mod i f i e d  new f r i c t i o n  
~ 7 4  
slope, S f '  which can be  considered as t he  conceptual  f r i c t i o n  slope i n c i u.I. 
t h e  head l oss  due t o  t he  ra i nd rop  i m p a c t  Wi th  t he  new 5; be ing  so i n t r o  
t he  f a c t o r  o f  overpressure can be e l im ina ted  from E q v  (2.62) Thus, 
-
- p r  r A T  cosmx - p L V q L  
= g  A  s ine  x -. g cos 2 .9z - g  A  5; 
-7-
i n  whi ch 
+ S f  
I f t he  channel i s assumed p r i  smat i c, i t can be readi  l y  shown t ha t  
38 
A = DT (2.77) 
i s  t h e  h y d r a u l i c  dep th  o f  f l o w .  Then, Eq. (2.75) can be reduced t o  
(2.78) 

$? 
t0 
 1; For t ke  o ve r l a nd  f l ow ,  D = hcosQZ.
bl:
a(:[ . iid 
& 
&, 
I f  t h e  Darcy-Weisbach f o rmu la  i s  used, t h e  f r i c t i o n  s lope,  S,, 
-7- I 
may be r ep l aced  by  t h e  mod i f i e d  f r i c t i o n  s lope,  s;, and the f r i c t i o n  
-1, I 
c o e f f i c i e n t ,  f ,  by  t h e  mod i f i e d  fo rm t h e r eo f ,  f". Thus, t h e  Darcy-Weisbach 
formu 1a 
becomes 
For t h e  o ve r l a nd  f l ow ,  R = hcose . 
Z 
Regard ing t h e  Darcy-Wei sbach f r i c t i o n  c o e f f i c i e n t ,  f ,  w i t hou t  
@ t he  r a i n d r o p  e f f e c t ,  Rouse [ I ] ,  i n  h i s  c r i t i c a l  a n a l y s i s  o f  t h e  open-channel 
, 74) 
r e s i  s tance,  expressed i t  as a nond imens iona l  f u n c t i o n  o f  t h e  Reynolds number 
( R ) ,  t h e  r e l a t i v e  roughness (K) , t h e  c r o s s - s e c t i o na l  shape ( c )  , t he  non-
u n i f o r m i t y  o f  t he  channel i n  b o t h  p r o f i  l e  and p l a n  (N ) ,  t he  Froude number (IF), 
and t h e  degree c f  unstead iness (u) ,  o r  
Unfor tuna te ly ,  t h i s  funct ion i s  not a v a i l a b l e  Only t h e  f i r s t  t h r e e  para- 
me te r s ,  which cha rac t e r i ze  t h e  e f f e c t  of flow r e s i s t ance  due t o  the  su r f ace  
t e x t u r e  and t h e  c ross -sec t iona l  shape, can be p u t  i n t o  a  func t iona l  r e l a -
t ionshi  p such the  ~ ; rma /n -~ r and t  logari  thmi c  res i  s tance  equation f o ra s  l 
c losed  condui t flow. W i  thout  t ak i  ng the  c ross -sec t iona l  nonuni f.ormi t y ,  and 
t h e  f r ee - su r f ace  nonuniformity and unsteadiness  or  i n s t a b i l i t y  i n t o  account ,  
t h e  Darcy-Wei sbach f r i c t  i on coeff i ci en t  f o r  t h e  channel flow may be expressed 
by t h e  following forms: 
For t he  laminar f low,  
f = --C (2.82)
E 

VR
i n  wh ichB = _ ,  and the  cons tan t  C depends an t h e  c ross -sec t iona l  shape 
of  t h e  channel [ 2 3 1  As a  spec i a l  case,  C = 24 f o r  t he  overland flow. 
For turbulen t  flow on smooth su r f aces ,  
31 = 2  loglOJR 0+ 0.404 (2  83) 
For turbulen t  flow on rough su r f aces ,  
1 
~f = 2 l og l o  -t 1.74 (2.84) 
where k i s  t he  roughness s i z e  of t h e  su r f ace  t e x t u r e . '  i n  view of t he  
complexity of sur face  flow over watersheds, i t  i s  doubtful t h a t  any of t h e s  
simple r e l a t i on sh i p s  would s t r i c t l y  hold f o r  t h e  s p a t i a l l y  var ied unsteady 
flow. However, un t i l  a  b e t t e r  func t iona l  r e l a t i on sh i p  f o r  f  becomes a v a i i a  
t h e  appl i cabi 1 i  t y  of these  equat ions  may be explored.  I n  a na tura l  watersh 
a smooth su r f ace  t e x t u r e  r z r e l y  eni  s t s ;  thus t h e  possibi l i t y  of using E q .  ( 
may b e  e l im i n a t e d  l f  t h e  s u r f a c e  t e x t u r e  of t h e  watershed i s  rough, a u n i  
f l ow experiment on t h i s  su r f ace  can b e  performed t o  determine the roughness 
k .  I f  t h e  value of k i s  ass igned ,  t h e  f r i c t i o n  c o e t i i c i e n t  f can De ;zilciil 
from Eq.  (2.84)  fo r  any given depth of flow when t h e  flow i s  t u r b u l e n t  H 
eve r ,  t h i s  i s  not always t h e  case  because t h e  depth of flow i s  so small t h  
40 
5 
t h e  f l o w  may become laminar  whenever no d i s t u r b a n c e  i s  induced i n  t h e  f l o w .  
The ~ e y n o l d s  c r i  t e r j o n  f o r  t h e  s t a b i  l i  t y  o f  f l o w  on changing f rom laminar  t o  
* 
JZ 	 t u r b u l e n t  may be ased t o  d e t e r m i n e  t h e  lower c r i t i c a l  Reynolds number t h a t  
2J 
depends t o  some e x t e n t  on t h e  channel  shape. The v a l u e  o f  t h e  Reynolds 
number has been found t o  v a r y  f rom 500 t o  600, b e i n g  g e n e r a l l y  l a r g e r  t h a n  
E-	 t h e  v a l u e  f o r  p i p e  f l o w .  However, t h e r e  seems t o  e x i s t  no d e f i n i t e  upper 
l i m i t  f o r  a l l  f l o w  c o n d i t i o n s .  Yu and McNown [ 1 7 ]  found f rom t h e i r  a n a l y s i s  
of t h e  Los Angeles  a i r f i e l d  d r a i n a g e  d a t a  [ 3 0 ]  t h a t  t h e  t r a n s i t i o n a l  range 
7 of t h e  Reynolds number i s  200 t o  1000 f o r  f l o w  on a c o n c r e t e  s u r f a c e  w i t h  
& 
$ and w i t h o u t  r a i n f a l l .  I t  may b e  t h u s  assumed t h a t  t h e  lower c r i t i c a l  
a ~ e y n o l d s  number f o r  f l o w  wi t h o u t  r a i n f a l  1 i s  500 and t h a t  wi t h  r a i n f a l 1 i s  
2 

200; however, t h i s  assumpt ion i s  r a t h e r  a r b i t r a r y  and q u e s t i o n a b l e .  S ince  
a p o s s i b l e  t r a n s i t i o n  f u n c t i o n  f o r  t h e  Darcy-Weisbach f r i c t i o n  c o e f f i c i e n t  
i n  t h e  f o r m  between Eqs. (2.82) and (2.84) i s  unknown a t  p r e s e n t ,  i t  appe.srs 
ff 	 sa fe  t o  assume, as a  f i r s t  approx ima t ion ,  t h a t  t h e  f r i c t i o n  c o e f f i c i e n t  can$4 
6 	 b e  expressed th rough  these two equa' t ions w i t h  a  b r e a k  i n  t h e  g r a d i e n t  o f  f 
D 
between them. The Reynolds number co r respond ing  t o  t h e  p o i n t  o f  the b r e a k  
i n  t h e  g r a d i e n t  o f  f may b e  cons ide red  as t h e  c r i t i c a l  Reynolds number, 3 
c 
which can be expressed e x p l i c i t l y  i n  terms o f  t h e  r e l a t i v e  roughness b y  
equa t ing  Eqs. (2.82) and (2 .84)  f o r  f .  Thus, 
Us ing  Eq. (2.83) as a t r a n s i t i o n  f u n c t i o n  f o r  f t o  f i l l  a  gap hese 
between 	Eqs. (2.82) and (2.84) would y i e l d  a  b e t t e r  approx ima t ion  t o  f t h a n  
I ~ Y  
s i m p l y  u s i n g  Eqs. (2.82) and (2 .84 ) .  HoG~ever, because o f  t h e  c o m p l i c a t i o n  j l a h i e ,  

i n  t h e  approach, Eq. (2.83) wi 1 1  n o t  be used i n  t h e  p resen t  s t u d y  as a

r-shed? 
f i r s t - o r d e r  approx ima t ion .  Bt shou ld  be a l s o  n o t e d  t h a t  t h e r e  i s  a p p a r e n t l y  
a l o w e r  l i m i t  i n  t h e  depth  o f  f l o w  f o r  a  g i v e n  roughness s i z e ,  k, i f  t h e  
l o g a r i t h m i c  equa t ions ,  Eqs. (2.84) and (2 .85) ,  a r e  used. The minimum h y d r a u l i c  
rad ius ,  f o r  which f becomes i n f i n i t y  f rom Eq. (2.84) o r  R c  becomesR m i  n 9  

ze ro  from Eq. (2.85) f o r  t h e  g i v e n  k i s  

1 - 0 e 8 7 k -
= --- 10 - Q.0675k (2.86)Rmin 2 
I f  t h e  h y d r a u l i c  r a d i u s  o f  f l o w  t o  be a n t i c i p a t e d  i s  l e ss  than  t h e  Rmin SO 
c a l c u l a t e d ,  e i  t h e r  t h e  cons tan t s  appear ing  i n  t h e  l o g a r i t hm i c  equa t ions  shoul 
b e  mod i f i e d  i n  accordance w i t h  t h e  expe r imen ta l  d a t a  o r  t h e  i dea  o f  u s i n g  the 
l o g a r i  thmi c exp ress ion  f o r  f shou ld  be abandoned i n addi  t i on ,  t h e r e  a r e  
some o t h e r  problems o f  u s i n g  E q s .  (2.82),  (2.841, and (2.85) i n  de te rm in i ng  
t h e  dep th  o r  t h e  v e l o c i t y  o f  f l o w  i f  o t h e r  f l o w  v a r i a b l e s  a r e  known  The 
d e t a i  1s o f  these problems and t h e !  r s o l u t i o n s  wi 1 1  be d i scussed  i n  Chapter  3 .  
2-3-3. 
For  many p r a c t i c a l  purposes,  one may p r e f e r  t o  use Manning's n 
t o  t h e  Darcy-Weisbach f as t h e  f r i c t i o n  c o e f f i c i e n t  f o r  f l o w  i n  an open 
channel  i f  Manning 's  n  can be  taken  as a c o n s t a n t  The Manning f o rmu la,I-
g i v e s  t h e  f r i c t i o n  s lope,  S f ,  and t h e  mod i f i e d  fo rm t h e r e o f ,  s;, respec t  i ve l  
as ;B 
2 2 
- n V (2.87)
4/ 3Sf  2.22 R 
-2 2 
-7, 
-S; -+ (2.88) 
2.22 R 
..I4 
i n  wh ich  n" i s  t h e  mod i f i e d  fo rm o f  Mann ing ' s  n ddefined 
,I, 
i n  correspondence -7.. 
,7 
w i t h  5; used i n  t h eMann i ng  f o rmu la .  i n  f a c t ,  e i t h e r  f and n  o r  f "  and nd' 
can be  r e l a t e d  t o  each o t h e r  by  equa t i ng  e i t h e r  Eq. (2.79) t o  Eq. ( 2 . 8 7 )  o r  
Eq.  (2.80) t o  Eq. (2 .88) .  S ince i t  has been shown [31 ]  t h a t  t h eMann i ng  
f o rmu la  i s  most dependable f o r  i n t e rmed i a t e  va l ues  o f  r e l a t i v e  roughness 
and l e a s t  dependable a t  l ow  va l ues  o f  t h e  Reynolds  number, Eq.  (2 .84)  f o r  
f may be s t i  1 l v a l i d  t o  exp ress  b lann ing 's  n f o r  most o f  many p r a c t i c a l  
cases, whi l e  Eq. (2.82) may n o t  be  so. I f Eq. (2.84) i s used, the  Mann ing 
4 
e 
"s 
e r  3 .  from which the minimum Manning's n, n min9 with respect to R can be determined 
i v e l y ,  
For n = n
m i  n expressed by Eq.  (2.90)~ Eq. (2.89) gives R = 27.48k. From 
Eqs. (2.841, (2.89), and (2.90)~ the Darcy-Weisbach f is obtained as 
which resembles the Strickler-Manning f derived from the Nikuradseis exper- 
imental pipe flow data [32] The Strickler formula [231, however, i s  
which gives a somewhat different value for n/kl/' f r m  the one by Eq. (2.90) 
.as it was formulated by Strickler in 1923 based on actual observations made 
in Switzerland This discrepancy is apparently due to the fact that Strickter 
used the gravel-bed material in streams of median size in contrast to the 
equivalent k used in the Nikuradsefs experiment if this discrepancy is 
compensated, the Stri ckler formula, Eq.  (2.92), can be rnodif ied and made a 
43 

c l o s e  agreement t o  Eq.  (2.90) [301 f rom which i t  i s  no ted  t h a t  a  thousand fo ld  
change i n  k r e s u l t s  i n  about a t h r e e f o l d  change i n  n .  The p l o t  o f  E q  (2.89b)1 
f o r  t h e  d imens ion less  n / k 1 I 6  a ga i n s t  R/k can be  found  elsewhere,  [23,31,321 
y
w i t h  t h e  S t r i c k l e r  fo rmula ,  E q .  (2.92),  p l o t t e d  as an approx ima t ion  o f  
C 
Eq .  (2 .89b) .  I t i s i n t e r e s t i n g  t o  see t h e  dependency o f  t h e  Manning n  on @ 
t h e  h y d a r u l i c  r a d i u s  o f  f l o w  f o r  a g i v en  roughness, as shown i n  F i g .  5 .  ii 
gt 
*A 
can be  r e a d i l y  no ted  f rom t h e  f i g u r e  t h a t  t h e  Manning n  v a r i e s  o n l y  r e l a t i v e l y  
- 2  F
s l i g h t l y  ove r  t h e  range o f  R f r om  10 t o  10 f t .  For  a  g i v en  k ,  i f  t h e  &"'6h y d r a u l i c  dep th  o f  f l o w  decreases and i s  l e s s  t han  27.48k, t h e  v a l u e  o f  % 
Manning"  n  i nc reases  r a t h e r  r a p i d l y  and becomes i n f i n i t y  as R approaches k 
Rrnin g i v en  b y  Eq.  (2.86).  I n  l i g h t  o f  t h e  n a t u r e  o f  t h e  n  ve rsus  R cu rve  pp 
as shown i n  F i g .  5, an assumpt ion o f  a s imp le  f u n c t i o n a l  r e l a t i o n s h i p  between 2 
p.7 
n and R, wh ich  has a  p r o p e r t y  o f  dec reas ing  n  valiue w i t h  i n c r ea s i n g  h y d r a u l i c  $2;g 
dep ths  o f  f l ow ,  has r e s u l t e d  i n  s i m p l i f i e d  fo rmu las ,  such as t h e  one proposed 
b y  Harbaugh and Chow [8I which was de r i v ed  f rom t h e  exper imen ta l  da ta  o f  Woo 1b# 
and B r a t e r  [ 3 3 ]  and o f  t h e  U .  S .  Army Corps o f  Eng ineer ing  [ 3 4 ] .  Data o f  
Ejn"8
Woo and B r a t e r  [331 and o f  t h e  U.S .  Army Corps o f  Engineers Waterways Exper- g

iment  S t a t i o n  [351 are  p l o t t e d  i n  F i g .  5, wh ich shows a l a r g e  s c a t t e r i n g  o f  P 
& g-p o i n t s  ove r  t h e  r e l a t i o n s h i p  between Mann ing ' s  n and t h e  h y d r a u l i c  r ad i us  g*
?k 
o f  f l o w  f o r  known roughnesses. Because the  dep th  o f  f l o w  i n vo l v ed  i n  these 9
$;; 
?i 

d a t a  was  so 5rna11 t h a t  t h e  f l o w  was mo s t l y  i n  t h e  laminar f l o w  reg ions ,  wh i ch  
i s  governed b y  t h e  Reynolds number i n  a d d i t i o n  t o  t h e  r e l a t i v e  roughness, g&.R/k; t h a t  i s ,  p3,fp"
/$
%<p+
n (2.93) 

R=t 
9g 

Th i s  i s a m o r e c o m p l i c a t e d f o r m t h a n  Eq .  ( 2 .82 ) ,  i n w h i c h o n l y t h e R e y n o ! d ~  
number i s  t h e  ma jo r  parameter .  T h i s  i s  a  d i sadvan tage  o f  u s i n g  Manning's 
n i n  t h e  lam inar  f l o w  regime. The use o f  t h e  Manning f o rmu la  has t h e  asvantag 
o f  employ ing a  cons ta l j t  n  as i t  can be  approx imated by  e i t h e r  Eq.  (2.90) o r  
(2 .92 ) .  On t h e  o t h e r  hand, i f  Manning 's  n i s  n o t  taken  as cons tan t ,  i t s  va lue  
n f o r  t u r b u l e n t  and laminar  f l ows  can be expressed i n  t h e  form o f  Eqs* (2.89) 
and (2.93),  o r  i t  can be always r e l a t e d  t o  Darcy-Wei sbach 's  f .  N e v e r t h e l e s ~ ,  
i t  i s  s t i  1 1  v e r y  i n t e r e s t i n g  t o  see how n /k  1/6 i s  r e l a t e d  t o  R/k a n d n ,  a s  
44  
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shown i n  F i g .  6. The c r i t i c a l  Reyno lds  number ,E  c , f o r  a g i v en  va lue  o f  
~ / kcan be eva l ua ted  f rom Eq. ( 2 . 85 ) .  
I f  t h e  e xp r e s s i o n s f o r  t h e  f r i c t i o n  s l o pe  b y  Eqs. (2.79) and (2 .90 )  
o r  b y  E q s  (2 .87)  and (2.88) a r e  s u b s t i t u t e d  i n t o  Eq. -1,(2.891, one o b t a i n s  
t h e  f o i  l ow ing  express ions  f o r  t h e  modi f ied Darcy-Wei sbach f J 'o r  t h e  modi f i ed 
-7, 

Manning no ,  r e s p e c t i v e l y ,  i n  te rms of t h e  co r respond ing  f o r  n: 
-I+ 

8~ h " a h + ff" = %-
v2 D G 
n 
" 2  
= 
4/3 ah 
+ n 2 
v2 D ax 
T h e o r e t i c a l l y ,  t h e  va lues  o f  f and n can be A eva l ua ted  f rom t h e  cor responding 
be  c a l c u l a t e d  by  
bur  t hese  v a l u e s  a r e  n o t  s u f f i  c i e n t  t o  e va l u a t e  t h e  va l ues  o f  f"  o r . n  beca  
t h e  h y d r a u l i c  r ad i us ,  R ,  and t h e  h y d r a u l i c  depth ,  D, wh ich a r e  a l s o  f u n c t i o n  
o f  t h e  dep th  o f  f l ow ,  h, cannot be determined 2 I-he f r i c t imod i f i ed  
-1, -1, 
c o e f f i c i e n t ,  f"  o r  n", whi ch may be  regarded as t h e  conceptua l  watershed 
roughness as de f i n ed  b y  Harbaugh and Chow [8] i s  a concep tua l  measure o f  
t h e  roughness t h a t  accounts  f o r  t h e  v a r i a t i o n  o f  f o r  n w i t h  depth, f o r  t h e  
added r e s i s t a n c e  due t o  r a i n d r o p  impact ,  and f o r  t h e  v a r i a t i o n  o f  r a i n d r o p  
impact  f o r  d i f f e r e n t  depths  o f  f l ow .  However, -7-t h e  use o f  t h e  f u n c t i o n a l  r e.I4 
t i o n s h i  ps o f  E q s  (2.94) and (2.95) f o r  f"  o r  n" p rov i des  a re f inement  o fkt 
t h e  concep tua l  watershed roughness. The v a l u e  o f  f "  depends no t  o n l y  on t h  
v a l u e  o f  f ,  and t h e  v e l o c i t y  and dep th  o f  flow, bu t  a l s s  on t h e  slope nf  
&lawa te r  s u r f a ce .  Th i s  agrees c l o s e l y  w i t h  t h e  exper imen ta l  r e s u l t s  o b t a i n ed  
b y  Woo and B r a t e r  [36] f o r  s p a t i a l l y  v a r i e d  f l ow ,  i n  wh ich f" i s  shown t o  
depend on -?a I f  t h et h e  Reynolds number and t h e  channel s l ope .  s p a t i a l l y  v a r i  
uns teady  f l o w  i s  cons idered,  t h e  v a r i a t i o n  o f  f" w i t h  r espec t  t o  t ime  shou l  
be  a l s o  taken  i n t o  account i n  a d d i t i o n  t o  t h e  space coo rd i na tes ;  and, 
46 
equa t i ons  and t hen  t h e  ove rp ressu re  head, h can -7.
 Eq 
r 
t h e  
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7 ed 
:0 
; a r  i ed 
-1-
consequent ly,  t he  eva lua t ion  of t h e  f J '  becomes imprac t ica l .  I f  one knows 
t h e  value of f o r  how t o  eqa lua t e  i t ,  i t  would be more convenient t o  use f 
and s u b s t i t u t e  i t  i n t o  the  equat ion of motion b y  E q .  ( 2 . 7 2 )  which includes 
-1, 
overpressure  term, r a t h e r  than t o  use f "  and s u b s t i t u t e  i t  i n t o  t h e  equation 
of motion t h a t  does not inclucie t h e  overpressure  term. There i s ' a  case,  
.I. 
however, t h a t  t h e  use of f "  may be of value.  Thi s i s the  case  when E q .  (2.80 
o r  (2.88) i s used t o  replace t h e  equation of motion a s  a usual pract i  ce i n  
t h e  kinemati c-wave method, i n  which, however, t h e  channel s lope  So i s  used 
ins tead  of t h e  f r i c t i o n  s lope  S I n  t h i s  case ,  n a t u r a l l y ,  a  more r e l i a b l e  
.I, -7.f * 
es t ima t ion  on the  value of f "  o r  nJ' is needed. 
2-4. 
I n  o rder  t o  obtain a unique so lu t ion  from a  s e t  of qua s i l i n e a r  
p a r t i a l  d i f f e r e n t i a l  equat ions ,  boundary and i n i t i a l  condi t ions  must be 
p re sc r ibed .  I n  t h e  present  a n a l y s i s ,  however, no boundary condit ion i s  need 
e i t h e r  f o r  t h e  f r e e  sur face  o r  f o r  t h e  ground su r f a c e .  I n  f a c t ,  the l oca t io  
of t h e  f r e e  su r f ace  i s  par t  of t h e  required s o l u t i on ,  while t h e  ground su r f a  
can be considered a s  a f ixed  boundaiy, the  geometry of which i s  a l ready f i x e  
i n  space. As long a s  t h e  ground su r f ace  i s considered a s  a sur face  of d i  sco 
t i n u i t y  i n  t h e  flow region and thereby  the  domain of t h e  su r f ace  water flow 
i s  separa ted  f r om  t h a t  of t h e  subsurface water flow, no boundary condition 
i s  needed f o r  t he  ground su r f ace .  The imperviousness of t h e  ground surfacze 
does not a f f e c t  t he  boundary condi t ion  because t h e  inf  i l t r a t i o n  term ii n  
Eq .  (2 .19 ) ,  o r  i i n  Eq. ( 2 . 2 0 ) ~  au tomat ica l ly  t akes  i n t o a c c oun t  t h e v a r i a t  
of t h e  pervious condition a t  t h e  ground su r f ace .  The only condit ion impose 
on t h e  ground sur face  i s  t h e  i n i t i a l  condi t ion .  
2-4-1. i n i t i a l  Conditions 
If t h e  soi 1 s u r f ace  i s  i n i t i a l l y  ( t  = 0) dry ,  then f o r  the 
channel Flow, 
v(x ,o)  = 0 
3 -f 
and for the overland flow, 
*:2,4a&d 

. * 
3: i 2 i] 
-
9 	 U(X,O) = 0 
(1.80) 

I 1-1 h(x,~) = 0 
sed 
a b l e  	 it should be noted that in the case of channel flow, A, T ,  D, and R all 
become zerO as h = 0. The initial conditions specified by Eqs. (2.96) and 
(2.97) are singularity conditions, which would lead to immediate difficulties 

P: i n  obtaiiiing the solutions if these equations are used as initial conditions. 
$<
F 	 dicious assumptions have to be  made to overcome these singularity r 
difficulties. Details of this approach will be discussed later in this report. 

4t 
,a$ 
In an effluent stream of a natural watershed under no rainfall 
needed ii 
& 
, c a t i o n  5 	 condition, there usually occurs a base flow, which has certain values other i 
surface 	 than zero on the velocity and depth of flow. However, if the base flow 

h 
f i x e d  condition is initially prescribed in a channel, the flow region of the sub- 

D 

d i  scon- $j surface water can be no longer ignored entirely from the outset of the analysis 
flow f because the effluent stream may change to an influent stream at a high water 
: i o n  [ 	 level during a f'4100d. The consideration of a base flow, which would seem to 
4'f'j
- - face g limfnate the singularity problem, in effect doubles the complicity i n  the6 

! n rmulation of a mathematical model for the flow of surface water in a w a t e ~  
3 r i a t i o n  8 hed. Therefore, unless a1 1 flow regions of the surface and subsurface water 1 
nposed 4: e analyzed simultaneously, the base flow condition will be  not specified ti 
at the initial state in the present study. 

i$ 
dr2 
iiff 	 In the two-dimensional analysis, the watershed flow has only one 
#5 wclomain as a whole. ln such a consideration, only one boundary condition 

wate divicl of the wat ershed and anot her bound ary condition at 
t of he wat ,shedare s ufficient to g i  ve unique solutions to the 
f the flow a the o ut let is subcritical If the flow at the outle 
i s  s u p e r c r i t i c a l ,  t h e  cond i t i o n  a t  t h e  o u t l e t  i s  even unnecessary. However, 
i f  t he  watershed f l o w  i s  a r t i f i c i a l l y  d i v i ded  i n t o  over land  f l o w  and channel 
f l ow ,  then  t h e  f l o w  domain i s  decomposed i n t o  two subdomains: One f o r  t h e  
ove r l and  f l o w  and the o the r  f o r  t h e  channel f l ow .  Because o f  t h i s  a r t i f i c i a l  
s ubd i v i s i on ,  t he re  e x i s t s  an a d d i t i o n a l  su r face  ( o r  boundary) o f  d i s c o n t i n u i t  
i n  t h e  f l o w  domain between t h e  subdomain o f  over land  f l o w  and t h a t  o f  channel 
f l ow .  Th i s  sur face  o f  d i s c o n t i n u i t y  i n  the  f l o w  domain w i l l  be r e f e r r ed  t o  
as t he  i n t e r n a l  boundary and t he  cond i t i o n s  assoc ia ted  w i t h  i t  as the i n t e r na  
boundary cond i t i o n s  t ha t  must be s a t i s f i e d  by t h e  f l o w  v a r i a b l e s  o f  the  bo t h  
subdomains. I n  con t ras t  t o  t he  i n t e r n a l  boundary, t h e  watershed d i v i d e  can 
be regarded as t he  ex te rna l  boundary, and t h e , c o nd i t i o n s  assoc ia ted  w i t h  i t  
as t h e  e x t e r na l  boundary condi t i ons .  However, un 1 i ke t he  e x t e r n a l  boundary, 
t h e  geometry o f  t h e  i n t e r n a l  boundary i s  unknown 3 ; i n  f a c t ,  i t  i s  
a l s o  a p a r t  o f  t h e  requ i red  s o l u t i o n s .  I n  some cases o f  t h e  watershed f l ow ,  
i f  t h e r e  e x i s t s  a c l ea r - cu t  boundary between t he  two subdomains o f  f low,  t he  
l o c a t i o n  o f  t he  i n t e r n a l  boundary can be approx imate ly  f i x e d  b y  the geometry 
o f  t h e  c ross-sec t ion  o f  the  channel.  For o t he r  cases, i n  which no d i s t i n g u i s  
a b l e  i n t e r n a l  boundary can be de l i n ea t ed  i n  t he  f l ow ,  sometimes a  j u d i c i o u s  
assumption has t o  be made i n  o rde r  t o  s imu la te  approx imate ly  t he  s i t u a t i o n .  
I t  i s  noted t h a t  some boundary cond i t i o n s  change as t he  f l ow  change 
f rom t he  subcr i  t i c a l  s t a t e  t o  a superc r i  t i ca l  s t a t e  o r  v i c e  ve rsa *  Thus, 
t h e  Froude number, a  governing parameter, can be used t o  desc r i be  such a 
change i n  t he  s t a t e  o f  f l o w  i n  t h e  g r a v i t a t i o n a l  f i e l d .  I t  wi 1 l be readi  l y  
seen l a t e r  i n  t h i  s  r epo r t  t h a t  t h e  Froude number, IF, under t he  e f f e c t  o f  
r a i nd r op  impact must be de f i ned  somewhat d i f f e r e n t l y  f rom t h e  convent ional  
-1-
d e f i n i t i o n ;  t h a t  i s ,  a i t h  t he  overpressure head, h", 
Th i s  d e f i n i t i o n  a l s o  inc ludes  t h e  co r r e c t i o n  f a c t o r s  f o r  channel slope, @z '  
and f o r  v e l o c i t y  d i s t r i b u t i o n  i n d i c a t ed  by  fl i f  t he  mmentum equat ion i s  used 
Na t u r a l l y ,  t he  energy c o r r e c t i o n  f a c t o r ,  a ,  would rep lace  t h e  momentum c o r r e  
t i on f a c t o r ,  8 ,  i f  t he  energy equat ion  i s  used [231'. Without r a i n f a l  l t h e  
50 
.inel k 
d
B t ion.  Generally, there  i s  no p r io r  knowledge t o  determine whether the flow 
I L. p i s  s ubc r i t i c a l ,  c r i t i c a l ,  or supe r c r i t i c a l  i n  a channel of given channel 
* 
i C i a ]  
i n u i i y  
P
: 
slope So and roughness s i ze  k .  Therefore, an examination of the  Froude 
E ber a t  any sect ion i s  required. I f  the  Froude number defined i n  Eq. (2 .98)
3liiifl 
p i s  l e s s  than, equal to ,  or g rea te r  than unity,  the flow i s  refer red  to  asP 

t0 i$ 
8 s ubc r i t i c a l ,  c r i t i c a l ,  or supercri t i c a l ,  respect ively .  For any a rb i t r a ry  
t e r n a j  
"slue of the  discharge, Q, i n  the given channel, E q .  (2.98) f o r E  = 1 can 
30th 
be rewrit ten as  
car! 
i t  
3 T Y 2  
3 
1 OW, i n  which Z p  i s  the  section fac to r  f o r  c r i t i c a l  flow computation, defined as  
the A ~ ( D =cosQZ+ hd')//3, where A c  and D c  a r e  the cross-sect ional  area and the 
E?t r y  hydraulic depth of flow a t  the  c r i t i c a l  s t a t e .  From Eq. (2.99), the  c r i t i c a l  
- ~ g ui sh- 6 
& depth of flow sect ion,  dc= hccosQZ, where h:= i s  the c r i t i c a l  depth of flow, 
2 u s  E can b e  ca!culated. Therefore, comparison of the actual  flow depth with the 
a 

f!
1 c r i t i c a l  depth w i l l  a l so  provide a  means of checking the s t a t e  of flow.3 C 
langes I n  contras t  with the  c r i t i c a l  depth of flow sect ion,  the  normal 
E 
3 depth of flow sect ion,  d n=  h n  C O S Q ~ ~where hn  i s  the  normal depth of flow, 
b for  the  same discharge as  used i n  Eq. (2.99) i n  the channel of given channel 
i;, 

slope,  So, and roughness si ze, k, can be calculated from the Darcy-Wei sbach 
equation fo r  uni form flow b y  
i n  which K i s  known as  the conveyance of the channel section and defined a s  
n 
An Rn '1 / 2  where A and R a r e  the  cross-sect ional  area and the  hydraulic 9 
3 n n 
radius of f l o w  a t  the normal or  uniform s t a t e ,  respectively.  Here, the Darcy- 
Weisbach f r i c t i o n  coef f i c ien t ,  fn, a t  h = h i s  determined b y  Eqs. (2.82)
n 
and (2 .84) .  Equations (2.99) and (2 .100)  thus form a s e t  of equations, which 
can b e  used t o  desc r ibe  the i n t r i n s i c  flow condit ion of t h e  g i v e n  channel.  
i n  t h e  case 05 ~raduallyvar jed  flow, che given channel with a 
s u s t a i n i ng  slope ( i  .e . ,  So 1 0 )  belongs t o  one of t h e  a l ready  c l a s s i f i e d  
s l ope s ;  i . e . ,  m i  I d ,  criiicai, o r  steep, depending on whether t h e  normal 
d e p t h  ob ta ined  f r m  E q j .  ( 2 .  100) i s  g r e a t e r  than, equal t o ,  o r  less than thf 
c r i t i c a l  depth .  However, t he  channel cannot b e  c l a s s i f i e d  i n t o  such a sirnp!e 
manner for s p a t i a l l y  v a r i e d  u n s t e a d y  flow. Althovgh Chen and Hansen [371 
have shown t h a t  f o r  overland f low t h e  s iope  can be  e i t h e r  m i  l d  or  s teep  
throughout the length aF f low i f  the  Chezy formula w i t h  a constant  Chezy's 
C i s u s ed  ! F t h e  Darcy-Wri sbach equat ion with varying f i s  used, t he  
s lope  may be  pa r t l y  mild and p a r t l y  steep i n  t h e  length of f low.  For any 
a r b i t r a r y  values of So and  k, becailse of t he  use of Eqs. ( 2 . 8 2 )  and (2.84) 
f o r  f ,  t h e  chal-inel s lope changes f r m  che m i  i d  t o  t he  s t eep  a f t e r  a c e r t a i n  
d i s c h a r g e .  This i s  manifested i n  t h e  curve of t h e  d i scharge  versus t he  
depth r e i a t i c n s h i p  f o r  t h e  overland flow a s  shown i n  Fig. 7 .  
A s  the d e f i n i t i o n s  and c l aa ra s t e r i s t i c s  o-F the -flow and channei 
have been so descr ibed,  some ex te rna l  and  i n t e rna l  boundary condi t i ons  wi  1 1  
b e  b r i e f l y  discussed belovij, 
2-4-2-1 ,  
To have  t he  condit ion t h a t  t h e  ve loc i ty  of flow is  zero on the  
watershed d iv ide  i s equivalent  t o  assume tha t  e i t h e r  t he re  i s an impervious 
b a r r i e r  (o r  wal l)  along t h e  v e r t i c a l  l i n e  a t  t h e  d iv ide  o r  f lows i n  the  
oppo s i t e  d i r e c t i o n s  fl-on~the d i v i d e  a r e  symmetrical i t  i s  poss ib le  t h a t  i n  
a n a t u r a l  watershed, the d i v i d e  changes w i t h  he hydrologic  condit ion,  and  
hence i t  may be no longer a f i xed  boundary condit ion but becomes part  of r h a  
requi red s o l u t i on s .  S u c h  cons ide ra t ions ,  however, compli c a t e  t h e  whole 
problem a nd  i n  t h e  present  s t u d y ,  f o r  s imp1 i c i  t y ,  t h e  zero-veioci ty  condi t  ion 
i s  r a t h e r  imposed on the  d i v i d e .  Therefore,  under t h i s  condi t ion ,  no ma t t e r  
how high t h e  depth of flow i s ,  t h e  f l o w  always s t a r t s  with a s ubc r i t i c a l  
s t a t e  a t  t h e  d iv ide  except f o r  t h z  case of a  zero  flow depth.  
There ha5 been a common inisconcept among some i nves t iga to r s  t o  
assume t h a t  t he  depth of f low i s  zero i n  addi t ion  t o  t he  zero ve loc i ty  a t  
t h e  d i v i d e .  This assumption i s  j u s t i f i e d  o n l y  when  the kinematic-wave 
52 
t or? 
t e r  
method is used. In.the kinematic-wave method, it is actually assumed that 

Sf -- So' which in turn leads to the conclusion that the actual depth of 
flow is assumed equal to the normal depth of flow obtained from Eq. (2.100) 
or i t s  equivalent: 
If the Darcy-Weisbach friction coefficient, f, is evaluated from Eqs ( 2 . 8 2 )  
and (2.84), the assumption of the zero-depth at the divide in the kinematic- 

wave method is not correct either. In this case, the minimum depth evaluated 
from Eq. (2.86) must be used instead. In the application of the kinematic- 
wave method, it should be noted that E q .  (2.100) or (2.101) is considered 
equivalent to the equation of motion, and that the method is valid only for 

'supercritical flow all the way from the divide to the outlet since the depth 

at the divide is assumed zero, but the method i s  invalid for subcritical flow 
or mixed suijcri tical and supercri tical flow. 

The boundary condition at the outlet of a watershed is also very 

difficult to prescribe because the condition there depends on the flow char-

acteristics. The flow at the outlet can be subcritical, critical, or super- 

critical. For the subcritical or critical flow, one boundary condition at 

the out let is sufficient to obtain the unique solution. However, for the 

supercritical flow, no boundary condition is needed at the outlet. 

Bn the case of subcritical flow ther.e are two possible ways to 

prescribe the boundary condition at the ,out let: One i s  to use Eq. (2 .99) ,  
whici.1 is equivalent to the overfal l condition at the outlet, and the other 
is to use Eq. (2.100) or (2.101)~ which i s  equivalent to the uniform flow 
condition and more likely the case in a natural watershed The overfall 

condition at the outlet yields the critical depth a! l the time, whi i e  the 
uniform flow condition at the outlet always yields the normal depth, which 

may prevai 1 in the channel downstream from the out let. 
In the case o f  supercritical flow at the outlet, the depth and v e l  
city of flow at the outlet are determined f r m  inside the flow region; i.e, 
upstream from the outlet. If the actual flow depth determined at the outlet 

54 
less  than t h e  normal depth o f  f l o w  downstream from t h e  o u t l e t ,  t h e  depth 
2 

& in  the downstream channel f o l l o w s  t h e  S3 curve i n  t h e  gradual  l y - v a r i e d - f  low 
$ t r a n s i t i o n  from t h e  ac tua l  f l o w  depth t o  t h e  normal depth.  On t h e  con t ra r y ,  
.I 
2
: the out l e t  i f  t h e  a c t u a l  f l o w  depth i s  g r e a t e r  than t h e  normal depth bu t  
* 
j e s s  than t h e  c r i t i c a l  depth, t h e  a c t u a l  depth i n  t h e  downstream channel 
I 
\ Mould  f o l l o w  t h e  52 curve ins tead .  The re  i s  no p o s s i b i l i t y  o f  hav ing  t he  S 1  
I 
.. ,,pie i n  t h e  t r a n s i  t i o n ,  i t appears t h a t  f o r  superc r i  t i c a l  f l ow ,  t he  ac tua l  
t 
f depth i s  v e r y  c l o s e  t o  the  normal depth a t  t h e  o u t l e t .  O f  course, whether t 
"
k 
o r n o t  t h i s  i s  t r u e  can be  v e r i f i e d  l a t e r  by  t hep roposedme thod  adopted i nf 

t h e  present  s tudy . 

i;: 
R 

4 I n  t h e  one-dimensional approach, t he  f l o w  on each channel s lope
x 
1 may be t r e a t e d  as one flow domain. Boundary c o n d i t i o n s  between two adjacent 
B 

f low domains a r e  r e f e r r e d  t o  as t h e  i n t e r n a l  boundary c o n d i t i o n s  t h a t  must 
b e  s a t i s f i e d  s imu l taneous ly  by  t h e  f l o w  v a r i a b l e s  o f  t h e  bo th  f l o w  domains a t  
the boundary. Under " f r ee "  f l o w i n g  c o n d i t i o n ;  i .e . ,  f l o w i n g  w i t h o u t  c o n s t r a i n t s  
i n  the channel,  g e n e r a l l y  t he re  a re  t h r e e  types o f  i n t e r n a l  boundary f o r  the  
watershed f l ow :  One i s locaped a t  a  b reak  i n  channel slope, one a t  t h e  
j8uncti o n  where t h e  over  land f l o w  meets t h e  channel f l ow ,  and one a t  the  p lace  
o f  a  hyd rau l  i c  jump; Others under " forced"  f l o w i n g  c o n d i t i o n ,  such as p laces 
#& 
\4; where t h e r e  a re  sudden t r a n s i t i o n s ,  we i rs ,  and s l u i c e  gates, may be a l s o  
considered as i n t e r n a l  boundaries; never the less ,  t h e  c o n d i t i o n  t o  descr ibe  
these cases should be  f o ~ m u l a t e d  by  w r i t i n g  the  equat ion  o f  momentum o r  
energy a t  t h e  boundary between two adjacent  f l o w  reg ions  wi t h  experimental  1y 
determined c o e f f i c i e n t s .  
For  example, t he  f l o w  i n  a  s e r i e s  o f  channel s lopes as shown i n  
F i g .  a ,  has internal boundary  cond i t ions  a t  a l l  breaks i n  t h e  channel  slope; 
i - e . ,  a t  p o i n t s ,  2, 3, and 4,where t h e  depth and v e l o c i t y  o f  f l o w  i n  one 
f low domain o f  one s i de  are equal t o  those i n  t he  o ther  f l o w  domain o f  the  
adjacent s i de .  I n  t h e  same f i g u r e ,  i t  appears t h a t  t h e r e  i s  a  moving 
- ,' > 
1 := i-
-
hydraul  i c j ump whi ch occurs when and where t he  f l o w  changes from t h e  super- 
. t-. 
c r i t i c a l  s t a t e  t o  t h e  subcr i  t i c a l  s t a t e .  The moving h y d r a u l i c  jump equat ions 

wi  1 1  be formulated 1 ater in thi s section are ut i 1 i zed as the internal 
dary conditions, which relate the cor~jugate depths and velocities of flow 
the moving velocity of the jumpo 
In the case of a combined overland and channel flow, in general, 
are two types of junction where the overland flow meets the channel 
: One is that the points of junction are all distributed uniformly or 
iformly a long  the longitudinal line of the channel flow, and the other 
at a] 1 points of junction are located laterally at the same section or 
int of the channel flow, which actually acts as a line or point sink of 
vesland flow. For the former type of junction, because it is possible 
have different overland flows, either symmetrical or nonsymmetrical, from 
both sides of the channel flow, the internal boundary condition at any point 
channel is that the depth of channel flow is equal to those of the 
overland flows from both sides if there is no hydraulic jump; namely, 
i n  which hch3 h
ov'j and hoV2 are the depth of channel flow and the depths of 
the overland flows from sides ' ' I i 1  and "12" of the channel flow, respectively. 
It may be noted that Lovl is represented simply by L 1  and lov2 by L2 in F i g .  4. 
Here, x is the longitudinal coordinate in thedirestionof channel flow 
c h  
at the point of consideration, and Lov l  and Lov2 are the longitudinal distances 
in the direction of .Flow from the origins of different coordinates for the 

0 ~ e r l a n d f l o w s o f s i d e s " l ~ ~ a a n d ' ~ 2 ' ~ t o t h e p o i n t a l o n g xdependingonthe

ch 
shape of an ''elementary" watershed which i s  considered as the combination of 
a basic channel-f low part and some overland-f low parts. 
For the latter type of junction, because all the streamlines of 
&: overland flow meet at the same point in the channel, the internal boundary k 
1 	 condition is that the depth of channel flow is equal to thoseof the overland 
flows i n  different streamlines at that point. I f  there are I'm" streamlines 4 
kF of overland flow, the internal boundary condition i s  8 
t-' 

i n  whish t he  n o t a t i o n  i s  de f i ned  i n  t h e  same way a s  i n  the  former t ype  
o f  j u n c t i o n  except t h a t  t he re  a re  "m" f l o w  depths due t o  "in" s t reaml ines  
o f  ove r l and  f l o w  i n  t h i s  type.  I t  i s  noted t h a t  t h e r e  i s  an apparent 
d i s c a n t i n u ;  t y  i n  t he  magnitude and d i r e c t i o n  o f  v e l o c i t y  between t he  
channel f l o w  and t he  over land  f l ows  on bo th  types o f  j u n c t i o n .  i n  the case 
t h a t  t h e r e  occurs a  h y d r a u l i c  jump on the i n t e r n a l  boundary, i t  i s a l so  
no ted  t h a t  E q s  (2.102) and (2.103) a re  no longer s a t i s f i e d ;  and instead,  
t he  moving h y d r a u l i c  junip equat ions must be  u t i  l i m e d .  
For s p a t i a l l y  v a r i ed  unsteady f low under t h e  e f f e c t  o f  ra indrop  
impact,  t h e  moving h y d r a u l i c  jump equat ions can be formulated,  based on 
t he  laws o f  conserva t ion  o f  mass and momentum,. (see Appendix A 1381.) I f  
t he  l eng th  o f  t h e  jump i s  ignored,  t he  h yd r au l i c  jump equat ions, t h a t  are 
regarded a s  t he  i n t e r n a l  boundary cond i t i o n s  a t  t h e  p o i n t  o f  d i s c o n t i n u i t y  
i n  water  su r f ace  (x  = 51, are 
( a .  1055 
i n  which E; = 5 ( t )  i s  t he  v e l o c i t y  o f  the  jump, A ,  and A2 are t he  conjugate 
c r o s s - sec t i o na l  areas o f  the  jump, V 1  and V2 a re  t he  conjugate v e l o c i t i e s  
-1, 
o f  t h e  jump, Q" i s  t h e  overrun d ischarge  o f  the  jump as de f i ned  i n  Eq. (2. 104 
areas, A ,  and A2, r e spec t i v e l y ,  f rom the  water su r f ace .  So lv ing  Eq. (2.104) 
f o r  5 y i e l d s  
Let 5 and V ,  ( o r  V2 ) be  expressed i n  terms o f  t h e  o t h e r  o f  t he  f i v e  va r i ab l e s  
5,  \I1, and A2. Then, i n  t he  case o f  V ,  > V2 and A l  < A2,V2 '  
the case of V l  > V2 and Al > A2, 
sop 
n 112 
= V 1  + A2 cos2@ + h"' f z(-9-9;.-- ~ 2 ~ 2
- A2 
?I"? 
L! I t '\/ 
4 /2 
= V2 + (A, - A ~ )  cos2@z 4- h i [ j  (2.110) 
5, the moving hydraulic jump equations such as either Eqs. (2 .107)  and 
.108) or Eqs (2.109) and (2.110) form a set of internal boundary conditic 
r the five variables- If three of them are known or solvable frm other 
ditions, the rest of the five variables can%be obtained from the above 

ts of equations. 

Other cases such as rolling waves may be considered as a series 
discontinuity in water surface [ 39 ] .  Such a consideration may just produ 
equivalent number of internal boundary conditions, adding much difficulty 
the task of mathematical simulation. For simp1 ici ty, the 901 ling waves 
y be treated as a series of continuous changes in the flow depth. 
- - 
CHAPTER 3 .  MATHEMATI CAL S i  MULATI ON 
I n  the hydraulic routing method, the watershed flow is divided 
into overland flow and channel flow, both of which can be simulated by the 
same conceptual model that consists of a set of quasilinear partial differ- 
ential equations and the appropriately prescribed initial and boundary con- 
ditions. I t has been shown that the model for the overland flow is only s 
special case of the one for the channel flow and is obtained by setting 
D = 
-
T = I s  V = U ,  and q L = 0 in the latter model. Therefore, the ~ G O S Q ~ ~  
conceptual model for the channel f l,ow can be used as a general model for the 
watershed flow. However, in the application of the model, the hydraulic 
routing method requires the prior knowledge of flow patterns over a watershed 
because, without this knowledge, the watershed flow cannot be divided into 
the overland and channel flow parts. For convenience, let it be assumed at 
the outset that flow patterns over a watershed can be approximately found 
from the physiographi c fac,tors of the watershed i n order to avoid unnecessary 
repetition, only the mathematical model for the channel flow i s  to be  presented 
below, The mathematical simulation for the overland flow would follow the 
same derj vat ion except  changes i n certai n notat i o n  
By assuming cos@ x = sin(@ z + GZ ) ,  Ox = 6z sinez = So, and B = 
constant, Eqs. ( 2 .  19) and (2.72) can be reduced to 
f 
ause A = TD, ~ (AF)= AdhcosQZ, and dA = Tdhcose The question arises 
Z 
o whether or not the momentum correction factors, 8 ,  BL, and /3 are con- 
r 
t with respect to x and t. I f  not, Eqs. (3.1) and (3.2) should be 
f i e d  to i n c l u d e  the terms that express the variation of fl, B L ,  and B r  
== 
respect to x and t o  Certainly, s u c h  considerations may be less 'res- 
t i v e  than the assumptions made in the derivation of Eq.  ( 3 . 2 ) ,  but they 
i n  useless as long as there is no prior- knowledge to determine f3, ,8L" 
@, as fu~ctions of x and t. Unless the spatial and temporal variation 
velocity distribution aver the f l o w  section is known, th~i-e seems to have 
2e 
ay to find the B - ,  BL-, and 
r 
- functions. Unfortunately, the analysis 
no means provides such information without resort to experiments, 
? ~ d  
incorporating Eq. (3.1) with Eq. (3.2) yields 
( 1  - 8 )  V + g ( ~ c o s ~ Z+ h*) 2+ 
at 

s s a r y  
2 1-1 t e d 
7-tile f ioiv equations for the watershed flow may empose  of e i t he r  1 andL. Eqs. 3 
(3.2) or Eqs. (3.1) and (3.31, which can be normalized so that the significant 
parameters that govern the f l ow  become evidento 
For selection of normalizing quantities in the watershed flow 
equations, attention is focussed on the choice among the referrence or 
characteristic depths of flow such as the normal depth, the critical depth, 
and the transitional depth of f low.  The transitional depth, dt = htcosQ
z 

i s  ob t a i n ed  by equating Eqs. (2.99) and (2.100) for Q and s o l v i n g  it for the 
depth of flow; namely, 
i n  wh ich  Z and K a re  t h e  s e c t i o n  f a c t o r  f o r  c r i t i c a l  f l o w  computat ion 
t t 
and t h e  conveyance o f  t h e  channel  s e c t i o n  a t  h = h t  , respec t  i ve 1y e  Sub-
s t i t u t i n g  t h e  d e f i n i t i o n s  f o r  Z t  and Kt i n t o  Eq. (3.4) y i e l d s  
i n  which  t h e  Darcy-Weisbach f r i c t i o n  c o e f f i c i e n t , f  . t 2 a t  h = ht must b e  
e va l u a t ed  f rom Eqs. (2.82) and (2 .84) .  From Eq. (3.4) or  (3 .5 ) ,  t h e  t r a n -  
s i t i o n a l  depth ,  h t ,  t h a t  can be ob t a i n ed  f o r  t h e  g i v en  channel  s lope,  So' 
and roughness s i z e ,  ko ' i s  independent o f  t h e  d i scharge ,  Q. I t  shou ld  be 
no t ed  t h a t  i f t h e  Darcy-Wei sbach f r i c t  ion c o e f f i  ci en t  i s  assumed constant  f o r  
o ve r l a nd  f l o w  ( D t = R t  = d t )  under no r a i n f a l l  c o n d i t i o n  (h" = 0 ) ,  t he  t r a n s i -  
t i o n a l  dep th  cannot be de f i n ed  b y  Eq .  (3.4)  o r  (3.5) Corresponding t o  t h e  
t r a n s i t i o n a l  depth  ob ta i ned  from E q .  ( 3 . 5 ) ,  t h e r e  i s  t h e  s o - c a l l e d  t r a n s i  t i o n s l  
d i s cha rge ,  Q,, i n  t h e  channel ,  wh ich s a t i s f i e s  b o t h  Eqs. (2.99) and (2.100) 
i f  Q = Qt  i s  s u b s t i t u t e d  i n t o  t h e  equa t i ons .  For any g i ven  d i scharge ,  say 
Q,, which  i s assumed d i f f e r e n t  f rom Qt i n  a channel  o f  g i v en  So and ko, t h e  
c r i t i c a l  depth,  and t h e  normal depth ,  hn, can be c a l c u l a t e d  f rom Eqs. h c9  
(2 .99 )  and ( 2 . 1 0 0 ) ~  r e s p e c t i v e l y  i n  o t h e r  words, t h e  f o l  l ow ing  r e l a t i o n s h i p  
can be  e s t ab l i s hed ;  
From Eq. ( 3 * 6 ) ,  t h e  c r i t i c a l  s lope,  s c 9  whi ch may be used as a  n o rma l i z i n g  
q u a n t i t y  i n  t h e  n o rma l i z a t i o n  o f  t h e  mathemat ica l  model, can be de f i ned  as 
ltlt:_!-i;eI(ali_"3ren@eRo0Q 
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i s  noted t h a t  S = Sc i f  h t  = h c = h n or  Qo = Q t .  Hence, the  normal o 
Froude number, E n  r e g a r d e d  a s  the  F'roude number a t  t h e  "normal" 
uniform) s t a t e  f o r  a g i v e n  discharge,  Qo, i n  a channel of given slope, 
and roughness s i ze ,  ko, i s  d e f i n ed  by Eq. (2.98) a s  
.fa 
I n  	the case  o f  over land flow, i f  one f u r t h e r  assumes t h a t  h4' = O a n d  
= f E q .  ( 3 . 8 )  i s reduced t of c  n 2  
For flow a t  the  c r i t i c a l  s t a t e ,  the normal flow Froude number becomes unity.  
.I* 
I t  wi 1 1  b e  shown l a t e r  tha t  under no ra in fa l  l condition ( h "  = o) ,  the norrnal 
f l ow  f roude  number can b e  used as one of the governing parameters* 
As d i  scussed e a r l i e r  i n  Subsection 2-4-2-2, flow on a channelthl?  
slope can b e  t r ea ted  a s  one f l o w  region. I f  there a r e  ' I n i '  number of channel 
slopes i n  a watershed, then "n" s e t s  s f  flow equations, Eqs. (3.1) and (3.21,  
o r  a modified form thereof ,  Eq. (3.31, can be formulated. Normalizing quan-
t i t i e s  i n  t he  normalization of the  system o f  flow equations should be properly 
chosen so tha t  the  number of governing parameters appearing i n  t he  system of 
the norinalized f l o w  equations could b e  k e p t  as  m i n i m u m  as  poss ib le .  The 
necessary normalizing q u a n t i t i e s  a r e  the  reference (o r  character!  s t !  c) length 
i n  the longitudinal  d i rec t ion of flow, Lo,  the reference length i n  the direc-  
tion normal t o  the  f l ow,  do,  and the reference veloci ty  of flow, V o  The 
channel length of the longest flow region may b e  chosen as  Lo, while d may0 
be chosen as  the depth of f low sect ion f o r  a  given discharge,  Qo, i n  a reference 
channel of given slope, So, and roughness s i z e ,  I f  the geornetryof theko 
cross sec t ion  i n  the reference channel i s  known, the corresponding geemetric 
dements of the  channel sect ion such a s  the  cross-sect ional  area ,  the 
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hyd r au l  i c depth ,  Do, t h e  h y d r a u l i c  r a d i u s ,  f l o ,  and t h e  t o p  w i d t h ,  To, of  
t h e  channel  can be expressed i n  terms o f  do and some o t h e r  geome t r i c  f a c t o r s  
o f  t h e  s e c t i o n  such as t h e  s i d e  s l opes  o f  t h e  channel .  Fur thermore,  i t  i s  
- I
no t ed  t h a t  do = hocosOo3 i n  wh ich h  o i s  t h e  depth  o f  f l o w  and Bo = s i n  So, 
and  t h a t  do i s  e i t h e r  t h e  normal dep th  o r  t h e  c r i t i c a l  depth .  The r e f e r en ce  
channel  s e l e c t e d  may be t he  one a t  t h e  o u t l e t  o f  t h e  watershed, i n  which So 
and ko a r e  known, b u t  t h e  r e f e rence  d i s cha rge  Qo i s  t h e  ha rdes t  t o  determin-  
Theo re t i  ca1 l y ,  any r e f e rence  r a i  n f a l  l i n t e n s i t y ,  ro 9  ove r  t h e  watershed may be 
used t o  d e f i n e  t h e  f o l l o w i n g  r e f e r en ce  d i s cha rge  and v e l o c i t y  For  t he  con-
ven ience  o f  a n a l y s i s  a maximum r a i n f a l l  f o r  r t h a t  i s  ava i  l a b l e  i s  p r e f e r s h i e  
0 
i n  wh ich B i s  t h e  t o t a l  p r o j e c t e d  a rea  o f  t h e  watershed on t h e  h o r i z o n t a i  
p l a n e  and fo i s  t h e  Darcy-Weisbach f r i c t i o n  c o e f f i c i e n t  determined by  E ~ s .  (2 3 
and (2.84) i f  t h e  r e f e rence  roughness s i z e  ko i s  g i v en .  I f  t h e  re fe rence  
channel  s l o pe  So  chosen i s  t he  c r i t i c a l  s lope,  Sci t h e  r e f e r en ce  v e l o c i t y  Vo 
ob t a i n ed  f r om  Eq. (3.10b) becomes t h e  c r i t i c a l  v e l o c i t y ;  o t he rw i se ,  i t  i s  t h e  
normal  v e l o c i  t y .  The normal f l o w  Froude number, E09de f i n ed  a t  t he  "referent." 
s t a t e  o f  f l o w  w i t h ou t  r a i n f a l l  can t h u s  be expressed from Eq. (3.8) i n  terms 
o f  t h e  a fore-ment ioned no rma l i z i n g  q u a n t i t i e s  as 
which becomes u n i t y  a t  t h e  c r i t i c a l  s t a t e  o f  f l o w  ( i .e . ,  So = s ~ ) .  
I n  t h e  no rma l i z a t i o n  o f  t h e  mathemat ica l  model, t h e  f o l l o w i n g  
no rma l i zed  q u a n t i t i e s  can be used. For convenience, Do i n s t e ad  o f  do i s  
used as t h e  r e f e rence  l eng th  normal t o  t h e  f l ow .  
--- 
Th e  system of equations that describes all the flow regimes i n  t h e  watershed 
can thus be transformed into the following system of normalized equations by 
u s i n g  the above normalized quantities by Eqs. (3.11). The normalized equation 
continuity for the i-th channel slope is 

cosQo Do qL>7< 

+ (=?=-I ,c0sQzi 0 (3 0 12)8 .  
and the normalized equation of motion for the i-th channel s lope  is 
J a  

ev, 
-
BocosQo o o odb 
L ~ C  2 I 0d\ 
in which h,=BcIFo riqc (y==-) ';OS~,~(@~~+ @ z .)/@.1 The ratio of the friction 
coefficients, f/fo, can bg  expressed in terms of a possible combination of 
Eqs. (2.82) and (2.84) for laminar, transition, and turbulent flow regimes ss 
Fol lows: 
for laminar flow regime ( 3014;>-+ 
for transition flow regime 

-
I: 
= --
3 . -----2 for transition flow regime ( 3 . 14~ )  
Cr2 log,,2(@)~-,+ 1.74 
in whichBo = V o ~ o / ~ .  Normalized initial conditions for ~,(x,,t,) and 
t-~-,~(x,,t,) from Eq. (2.95) areI\ I\ 
. / (0 ? ? !  
v,(x,O) = 0, h,(x,Q) = 9 \ a 0  lap 
The normalized external boundary condition at the divide is 

and at the outlet, it is 

FOP c r i t i c a l  flow 
for normal f l ow  
normal i zed i n t e r n a l  boundary condl t i o n s  a r e :  
For the  case o f  a s e r i e s  of channel slopes: 
For t h e  c a se  of a combined flow: 
for t he  case of a moving hyd r au l i c  jump: 
B ,,1 A,4 - A,2h,2 cos'e 
, 
-
_- m i5;: - ; (mi,;*2BoA,2 1 
cos eo 
- - 
in which additional normalized quantities, 5,' = k/vo, A, = A/Ao, and 
h,.I\ = hcosBo/Do are used in the normalizatiori of the moving hydraulic jump 
equations, Eqs. (2.107) and ( 2 . 1 0 8 ) ~  for the case of V k l  > Ve2 and A,1 
The other normalized jump equations similar to Eqs. (3.20) and (3.21) can be  
obtai ned  from Eqs. (2.109) and (2.110) for the case of V,; > Vk2 and A,] > 
3-7-3, G o v e s n i x  Parameters 
The dimensionless parameters included in Eqs. (3.12) t h r o u g h  (3.21) 
i n  which each of the subscripts, i ,  j ,  and m,indicates t h e  same type of 
- , 7parameters but varies only in accordance with the total number ot ch anne l  
slopes, the roughness size, and the iength o f  overland f low,  respectively. 
It i s rsoted that the normalized q u a n t i t i e s  A,d b  D ,I\ and iJain E ~ s . (3.12) 
Two watershed f l o w  systems of similar geometry will exhibit the same depen-
dence of h, and V, on the x, and t, i f  the dimensionless parameters listed 
above have the same values in the two systems. 
The dynamic influence of rainfall on the flow appearing in Eqs. 
(3.12) through (3.21) can be expressed i n  terms of the normalized average 
rainfal l intensity, r, and the normalized mean terminal ve loc i ty  of fa1 1 
of the raindrops, Ailt. Grace and Eagleson [29] in their anaiysis of rainfall 
data have found that the mean terminal velocity of fall of the raindrops may 
be empirically re la ted  to the rainfall intensity; however, in this study,  hot 
a r e  considered independent of each other Usually the rainfall intensity 
varies spatially and temporally within a watershed, depending 
of meteorological envi ronment, from which a specific pattern of rainstorm 

that moves with a certain velocity, W, can be described. The nromal ized 
rainstorm velocity, , simi lar to the one used by Yen and Chow [27] along 
with the normal ized storm pattern can be used as a mathematical model of the 

ra i nstorm. 
The momentum correct i on factor, B r '  for the terminal velocity 
distribution of fall of the raindrops at the free surface cannot be deter- 
mined unless the size and terminal velocity distribution functions of the 
raindrops are known. For simplicity, this correction factor may be assumed 
to be unity. 
The dimensionless parameters that describe the watershed charac- 
teristics are the normalized lengths of all reaches of channel flow and 
overland flow (Li/Lo and L /L~), and the corresponding slopes (S . )  and 
ovm 01 
relative roughnesses (km/~o) of channel flow and overland flow. It is J 
understood that Soi = 5; no
zi ' therefore the parameter cosQZi whi ch i s a 
fixed value if Soi or @ 
zi is given, cannot be considered as a governing 
parameter of the flow. The moirientum correction factors, f3 and PL, for velocity 
distributions of the channel flow and the overland flow, respectively, are 
unknown like filr and thus are assumed to be unity as a first-order approxima- 
tion. The drainage density, Dd, that i s considered as the measure of the 
chzracteri sti c of the channel system in a watershed can be expressed in 
terms of Li/Lo and Lovm/LoO Multiplying each of the Lovm/Lo by a unit 
length of channel flow, A x . ,  and then summing up all of the products yields 
-
I 
the total watershed area, B, divided by the characteristic length Lo. Hence, 
the drainage density of the watershed is 
CL./L Cb. 
The parameter that describes the combined effect of rainfall and 

basin characteristics is either sin@ zi + @ z. )I or cos(6 zi @.) + 
 if both 

angles, 6 
z i and 9zi ' are given. if we assume @ zi = 0, the foregoing para- 
meter simply becomes one of those parameters appearing i n  the basin charac- 
teri stics. 
69 
T h e  l a s t  group of t h e  parameters t h a t  a r e  r e l a t e d  t o  t h e  reference 

fiow a r e  L o / ~ o c ~ ~ B o 3  IFO2 SO(ai. coseo) i n  whi ch
rO/VO, D ~ / T ~ )  DO, and ko/Ro9 

t h e  combination of t he  f i r s t  t h r e e  parameters,  S 2 a s 
C & o D o ~ ~ ~ 8 0 9s i g n i f i e d
0 0 
b y  k b o l h i  ser and Ligget t  [20] ,  i s t h e  measure of t h e  combined e f f e c t  of t he  
length and s lope  of t h e  channel a s  well a s  of t he  normal f low va r i ab l e s  on 
t h e  flow. i h e i  r a n a l y s i s  w i t h  t h e  overland f low revea l s  t h a t  when the  pars-
meter ,  ~ ~ ~ ~ ~ ~ ~ ~ c o s 8 ~ ~ ~ ~ p r a c h e st h e  normal i zed equat ion of mot i~ i ii n f i  n i  t y ,  
becomes t h e  one used i n  t h e  kinemati c-wave method, provided t h a t  t h e  momentum 
f l u x  terms d u e  t o  r a i n f a l l ,  i n f i  I t r a t i o n ,  and l a t e r a l  inf low (o r  outflow) 
a r e  a l l  ignored. T h i s  can b e  r e a d i l y  seen from Eq .  (3.13). For f low on more  
than one channel s lope ,  t h e  normalized equation of motion used i n  t h e  k i n e -
mat ic wave method i s 
Regarding t h e  s e l e c t i o n  of t h e  re ference  length i n  t h e  d i r ec t ion  
normal t o  t h e  flow, t h e r e  i s  no p a r t i c u l a r  d i s t i n c t i o n  i n  choice between 
the  normal depth and t h e  c r i t i c a l  depth because t h e  number of t h e  goveriaisag 
parameters u s e d  i n  descr ib ing  t h e  fiow i s  t h e  same. I n  t he  case  t h a t  the 
re ference  s lope ,  So, used i n  t h e  determinat ion of t h e  normal depth may be one 
of  t h e  channel s lopes  i n  t he  watershed such a s  t h e  one a t  t h e  o u t l e t ,  the 
normal flow Froude number,Bo,  so r e f e r r ed  i s  a c e r t a i n  value o the r  than 
un i ty .  However, i f  t h e  c r i t i c a l  depth i s  used in s t ead ,  t h e  re ference  s lope 
becomes a c r i t i c a l  s lope  obtained on t h e  b a s i s  of t h e  re ference  discharge,  
Q,, (3 .10b) ,  and t h e  re ference  normal flow Froude number becomes uni ty.  
For b rev i ty ,  t h e  subsc r ip t  a s t e r i s k ,  t h a t  Es u s e d  t o  denote t he  
dimensionless  na ture  of t h e  v a r i a b l e s ,  wi 1 1  be dropped off  h e r e a f t e r  i n  dirnei-jm 
si on less  exp res s ionsQ It  should be made c l e a r  now t h a t  a1 1 v a r i a b l e s  t o  be 
used h e r e a f t e r  a r e  dimensionless  unless  otherwise s p e c i f i e d .  
3-2. T h e  Method of Charaqter,i s t  i cs 
It i s  noted t h a t  t h e  normalized equat ions of c o n t i n u i t y  and 
momentum,. Eqs. (3.12) and ( 3 . 1 3 ) ~  form a s e t  of hyperbol ic  p a r t i a l  d i f f e r e n t i a l  
equations so that they are in suitable form to be solved by the method 
of characteristics. Let iEqs. (3.12) and (3.13) be identified by MI and 
respect i ve l  y; or 
cose
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Then Eqs. (3.24) and (3.25) can be combined linearly by using an unknown 
multiplier, h ,  to form 
M = AM., + M 2  = 0 
from whi ch the fol lowing ordinary differential equations are formulated: 

cose 
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The solution of E q .  (3.28) yields the following two particular valves of h 
which will greatly simplify the original equations: 
Therefore, by substituting two values of h by Eq. (3.29) into Eqs. (3.271 al?d 
( 3 . 2 8 ) ,  the two partial differential equations, Eqs. (3.24) and (3 .25) ,  are 
transformed to a set of two ordinary differential equations, which are ca l  led 
+
characteri stic differential equations. There are two sets of curves, C ( i  .so9 
forward) curves and C- ( i  .ea) backward) curves, whi c h  are the solution curves 
of the following ordinary differential equations and are called characteristics 
ese characteri  s t  ics the following characteri  s t i c  d i f fere l - i t ia l  equations 
In the fol lowing, these characteri sti c differential equations in ti-,? 
ordinary differential form w i  1 l be developed into forms suitable for solur i~ 
by a finite-difference method. There are two types of scheme, w h i t h  can b t  
used in the finite-difference method: One is the explicit scheme and the 
other, the implicit scheme. Many factors to be considered far the selectiiz 
of the scheme include the convergence and stability problems of the scheme, 
the efficiency and accuracy of the computation, the capac i t y  of t h e  computer, 
and the easiness of the computer programming. 
The convergence and stability of the scheme used depends on the 
form of the fini te-difference equations to be formulated, on s m e  parameters 
such as L ~ / D ~ c o s ~ ~ ~  lfo9 So3B03 and ko/~02 and on the meshr,/~ , D ~ / T ~ ~  si 7::s 
in both space (AX) and time (~t). As a matter of fact, the computer prograriirlir 
of an explicit scheme is rather simple, as the unknowns are solved separate'/ 
for one at a time. However, i n  order to insure stability of the solutions 
btained from the  f i n i t e -d i f f e r ence  equations, the r e l a t i ve  value of At and 
gx must s a t i s f y  the Courant c r i t e r i on  [40]: 
i s  c r i t e r i o n  or r e s t r i c t i on  may make the  time of computation very long, 
ecomi ng sometimes impracti cable even for  machine computation. I n  contrast  
th i  s ,  an imp1  i c i t  scheme may be much more e f f i c i en t  f o r  computation than 
n e xp l i c i t  scheme, b u t  i t  usual l y  requires a ra ther  complicated program. 
the  present study, i t  i s  noted t ha t  an implici t  scheme requires both the 
rnal boundary conditions a t  the  d iv ide  and the ou t l e t  for  a l l  time levels .  
Unfortunately, one of the external  boundary conditions on each boundary a r e  
; as ,  i n  f a c t ,  they a r e  a l s o  part of the required solut ions.  
I n  order t o  circumvent t h i s  d i f f i c u l t y ,  an exp l i c i t  scheme could be proposed 
for  use t o  obtain the solut ions  on the  boundaries, b u t  t he  solut ions  so ob- 
tained a t  t h e  i n t e r i o r  points  would be ac tua l ly  control led by the  accuracy 
of t h e  e xp l i c i t  scheme being used on the boundaries. I n  l ight  of the fac t  
tha t  the  o r ig ina l  advantages of the  impl ic i t  scheme would be almost lost 
because of the  peculiar s i t u a t i ons  on the  boundaries, i t  i s  hence decided 
t o  use an e x p l i c i t  scheme throughout the analys is  i n  the  present study. 
The f  i n i  te-di f ference  equations i n  exp l i c i t  scheme can be solved 
by  two common methods: One i s  the  use of a grid of characteri  s t i c s  and the  
other,  the use of specif ied gr id  in te rva l s .  I n  the l a t t e r  method, the region 
of i n t e r e s t  i n  the x , t -p lane  i s  divided by a  mesh of gr id  l ines ,  as  shown 
i n  F ig .  9. The interval  between the  d is tance  grid l ines  needs not be constant .  
Unless the re  i s  a spec i f i c  need fo r  having a  var iable  g r id  spacing, that  
= constant i s  used throughout the  present analys is .  The time i s  also 
divided i n to  small increments, At, which need not be a l l  equal e i t he r .  The 
75 

=4 
w 4-J 
* - cU 	 0 
L, m +-I 
m rS, aJ 
a. '4 %- -c a, 0 	 m 
L1 m 0 0 4-J If 'I-	 -
w 	 U 4-J a tn 
> 
-5 w 'I-0 
 6.
 E a L 0 	 L L. 

6 	 a) .- c aJ CV) 0 
m w w tn +J Cvj '4-

3 rli >c a, c 
 0 
a a ,--= 3 0- Cvj cU 

X E 0 V U
II
2 
'4- 8 L a Sa >m 	 0-a 7s- C 20 a, -	 L 6 
'I- t' a, a, 	 Cn m a,
ul 0 r: > P: '-I=-

a, a, t' w 01, 'I-

3 C P a, A 
0-
i..I 0 L L 	 *- w a 
m e - a, w 	 'I- '3 I 
w .I 	 0- " 0 
(I-
> 	
m 
w 
m 
2 3 U m w a, 
a, 	 -I-J - t' a, V --
e-
-C, 	 Qb a C 
L cn
e 
C 
-	
I-
E 
0 
a 
a, ,---
m 
-
W 0-
q, 
F 	 C-
'I-
LC. 
0 -
L m 	
0 
L 
0 0 
Ba, 	 (U w m 2 'i- w 
-u 	 2 !z a, a) m c-9 S=. 
a-w * - -a w 	 Q 8) 73 V 
C 0 C 	 U 0 
m m a m *- 5 m S: 6. T3 
*- m 
-7 'I- +J P% a, 
m a w a 	 e 0 
P- L.- Em S= m 	 U 3 E m 
m 	 U L L. m 00-	 0 
F
a 0) C - m  	 a, CY) 'I-
w 
0 	 w 
m a  5 V c I/)0 a, 
a-
Ba f. w *- a, 	 SI: m 
m m a, 3 > *- U tn E 
a- a, > a 0 +- tn w +J c 
-
e- 0-cn a, e .- W -a 
tn m L a. u w w aJ 'I-
+J w t' a, (I- -Q *- a, 
m 	 C m m c a. U E '4- -a
> 	 (TJ *- m m e- 0 C *-
7L 	 > a a U rC m U a, 
w 
a) 	 a 
m 
a,
L > 
'4- a. I) a, 
a. 
9 
mPa 0 	 3
.
C
-	 0-
m s-
3 B-
CJ 
-C 
0 
a s-
m NI 
I 
Ln 
V) 
a D- U t' 0 a, t' c-9 L & 
a a, 0 aJ r: 	 I: C 0 0
.-
L E 
e -
w 2 	 w L 0 -IJ a, 	 a, c 'I- e-
cn 	 0 m > 0 E '-I=- a, *-
m t' -C 	 0 LC. -IJ 
a 
* 0 
m a w a, 
-	
'I-
.-
U 
.-
a, 	
m 
a r: -C= 
I) 
6 a,
m m -I-' 	 0 w M 
CC-	 P- )-9 a, LC. t' 0-
-.-. m a, rJ3 s 0 a - 	 w r c 
U 	 > m P m - m m L e -
a, 	 E .- w a 0- U m 
e-a 	 aJ a, cl- 6 O L  C a 

m 	 t' e'-- m x a, F .- a, 
c a z > w -CJ 	 a a a. 
'I-	 *- C a a a. L 0 a 0 
F
0 m m 	 m 0 X +. 
TS -C 	 a, a, 
a 9 -
L -
s aJ 	 a, aJ > a,
ln 0 x -CT: I: w 'I- -CT: 
=I m w '4- +J I- w -0 0 4-J 
1 cose 
7A 

D cosaoD 
b f v2 cosC7' 
0 A ) [ pyg
-
D0C O S ~ I % C s o i  ' So io RD 
O Eo /I 0 C O S ~0 

i n  which a1 1 the variables with subscript "D" denote the corresponding q ~ ~ a n t i t i e s  
at point D. There are only two unknorr!ns i n  Eqs. (3.35) and (3.36); i .e., t h e  
depth and velocity of flow at point P, hp and V p Q  For the C--characteristic, 
Eqs. (3.31) and ( 3 . 33 )  g i v e  
sin(@ 
zi + gZi) 2, 
+ @r A~ coseZi ] cos a0 
2 

COS a 

0 

in which all the variables with subscript "E" denote their values at point E. 
It is noted that Eqs. ( 3 .37 )  and (3.38) are developed only for subcritical 
flow, in which point E lies between points B and C (Gg. 9). In the case o f  
supercritical flow, the C--characteristic curve has a positive slope in the 
x,t-plane so that point E '  lies between points A and B .  However, Eqs. ( 3 .37 )  
and ( 3 . 3 8 )  are sti 1 1  applicable to the supercritical flow case except that 
subscript "E" for all the variables in Eqs. ( 3 .37 )  and ( 3 . 38 )  must be changed 
to subscript "E 
B 
". 
I n  order to solve Eqs. ( 3 . 36 )  and ( 3 . 38 )  simultaneously for Vp and 
hpr a1 1 other quantities at points D and E (or E ' )  in the equations must be 
evaluated first. These quantities can be expressed in terms of known or 
calculated quantities at the node points in the scheme by interpolation. 
I n  other words, for any given non-closed channel section where the geometric 
elements of channel section such as A, B, R, and T can be defined entirely 
- -- 
by the section geometry and the depth of flow, the velocity of flow and 

any geometric element of the channel section anywhere between two node points 

can be evaluated by the following linear interpolation formulas. For con- 

venience, the hydraulic depth of flow, D, is used as a representative geometric 

-I-
element of the channel section. For the C -characteristic curves, 
and a1 so 

There are two ways to solve Eqs. (3.39) and (3.40) for VD and DD by the 
Newton-Raphson method C42). Equating Eqs. (3.39) and (3.40) yields a linear 
relationship between V D and DD as follows: 
VB - VD  DB - D,, 
V B - V A  D B - D A 8  

E i  ther V, or DD can be expressed in terms of the other from Eq. (3.41) and 
then substituted into either Eq. (3.39) or (3.40) to form a cubic equation 
of V, or D,. The cubi c equation i s then solved by the Newton-Raphson method 
U U 

by inserting the first assumed iteration value of VD or DD i n  the recurrence 
formula to be formulated. An alternative way to solve IEq. (3.41) with Eq. (3 
or (3.40) is to consider them as two nonlinear equations in VD and DD, which 
are then solved simultaneously by the Newton-Raphson method. (see Appendix B 
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i 
For the  C-mcharacteri s t  i c curves, two separa te  cases m u s t  be 
examined* I n  the  case of subcritical f low,  
BV ,  -
or  simply 
1v < -
IFo 
so t ha t  t h e  point E f a l l s  between points  B and C i n  F i g .  9. For t h i s  case, 
the l inea r  in terpola t ion formulas a re  
S im i l a r l y ,  u s i n g  the Newton-Raphson method, one can obtain the values of 
V E  and DE  from Eqs. (3.43) and (3.44). I n  the case of superc r i t i ca l  flow, 
i t  can b e  readi ly seen tha t  
simply 
cose 
.L 

> - z'i + h i ,  

D E i  'GOS@~ 

Therefore, the point E '  falls between points A and B i n  F i g .  9. For this 
case, the l i n e a r  interpolation formulas become 
VB - x P - x  X - x  
p-- - E g  -- P E:& 
- 'A X B - X A AX - nt AX 
Again, V E ,  and D r ,  are solved by the Newton-Raphson method.c 

Since the condition for flow to b e  subcritical, Eq.  (3.421, or 
* 
supercritical, Eq. (3.451, is unknown 3 , it must he expressed in t e r m s  
of known variables, VB and DB, at point B in Fig. 9. I n  other words, when-
ever the following condition is satisfied: 
for which the flow is subcritical and Eqs. (3.43) and  (3.44) should be used 
to solve for V E and DE. However, when the critical section is at point E3, 
the above inequality becoines equality and a l l  the variabdes with the 
subscript "E" in Eqa (3.38) are directly substituted into it for the cor- 
responding known quantities at point B. If none of these conditions is 
satisfied, then the flow must be supercriti cal and Eqs. (3.46) and (3.47) 
must be used to solve for V and DE ' E I  
After the interpolated quantities at points D and E (or : € I )  such 
as VD and V E  (or V E l )  and DD and D E (or D..E ,) are obtained from the corres- 
pending equations, the other required values of the geometric elements of 
channel section at points D and E (or IE ' )  such as hD and hlE (or hlEI), RD 
and R E (or RE , ) ,  and TD and T,E (or T:CE ,) can be calculated from the geometry 
of the section and the D and D (or D ,). Other variables such as the D E E 
rainfall intensity, r and r (or rEI) the infi ltration rate, iDand iED D 
r i ,,) , the lateral inflow or out? low rate from or to the overland flow 
I 

f 
parts,qLD and qLE [or qLEd3and the terminal velocity of the raindrops, 
and the overpressure heads due to the raindrop impact at points D and E 
(or E ' )  should be evaluated from the corresponding functions, which are 
supposed to be known. Substituting all the known quantities at points D 
and E (or I E ' )  in to  'Eqs. (3.36) and (3 .38 )  yields the values of V p  and h p .  
Because Eqs. (3.36) and (3 .38)  are linear for V p  and h p ,  the solutions 
are straightforward. 
Before computing the unknoms, Vp  and hp, at every grid point of 
the e x p l i c i t  scheme for specified grid intervals in the x,t-plane by the 
method of characteristics, all the normalizing quantities must be assigned 
- f irst. Then, from the nonali zing quantities incorporating with the given 
hydrometeorologic and physiographic factors of the watershed, all the governing 
parameters mentioned in Section 3-1 can be evaluated. The whole watershed 
flow after being divided into overland-flow and channel-flow parts has external 
boundary conditions, Eqse (3.16) and ( 3 . 1 7 ) ~and internal boundary conditions, 
Eqs. ( 3 . 1 8 ) ~( 3 . 1 9 ) ~( 3 . 2 0 ) ~ and (3.21), which should be satisfied by the 
relevant  normalized flow var iab les  a t  the boundarieso The i n i t i a l  flow 
condit ions may be i n  the form of Eq.  (3.151, which assumes a dry impervious 
ground surface ,  or t h e y  may be i n  o ther  forms, depending on the f i e l d  con-
d i t i on  of i n t e r e s t .  Thus, the  computations may proceed forward from the 
i n i t i a l  condit ions with subsequent s t eps  of one At a t  a time. Locations C? 
moving c r i t i c a l  sec t ions  and hydraulic jumps, i f  any, a re  a l so  t o  be 
determined during the course of computation. 
If the  reference r a i n f a l l  in tens i ty ,  r the  t o t a l  projected area 
0 = 
of t he  watershed on the horizontal  plane, B, and the  geometry of the reference 
channel sec t ion are  given, the  reference d i  scharge, Qor and the  reference 
ve loc i ty ,  Vo ,  can be calculated from Eqs. (3.10a) and (3.10b), respectively.  
I n  t h e  ca lcula t ion of Vo,  s ince  the reference Darcy-Wei sbach f r i c t i o n  
coe f f i c i en t ,  fo ,  determined by  Eqs. (2 .82)  and (2.84) depends on the  veloci ty  
and the  hydraulic radius (or  the  depth of flow), the  fo l  lowing procedure t o  
compute Vo and the  reference hydrau l i c radi us, Ro ,  seems inevi table .  
When ro and B a r e  known, the re  should be no problem of obtaining Qo 
from Eq .  (3.10a). Although Eqs. (3.10a) and (3 .10b)  can be combined to  y i e l d  
the re  i s no way t o  predetermine whether the f l o w  f o r  a given 0 i n  3 channe l  
-0 
of given So and ko i s laminar or  turbulent .  There a r e  two unknowns, Ro  ( o r  ho) 
J z . L L , I , , - (9 no\. ,,A *,;+h,, c \ ~cmc ( 9  Q T )  7njdllu 1 O,  W i l l  L I i  l l l U 3 L  U C  3u I V C U  1 I U I 1  LY  0 \ d e T J j  Q l l U  G I  L11C1 U i  Ly3 o \ L o w & /  aitu 
(2.84).  A question then a r i s e s  as  t o  which one of Eqs. (2.82) and (2.84) 
should be used. If the  flow i s  assumed turbulent ,  Eqs. (2.49) and (2.84) can 
be solved simultaneously f o r  f  and Ro ,  which a r e  designated by foT and ROT,
0 
respect ively .  Whether or  not the flow i s  ac tua l ly  turbulent  should be examined 
fu r t he r .  Subst i tu t ing the value of ROT in to  Eq .  (2.85), the c r i t i c a l  Reynolds 
number, %3R 
cT " can be computed from 
The a c t u a l  Reynolds n u m b e r , B o T ~ a a n  b e  obtained from the  value of ROT and 
the corresponding veloci ty  of turbulent  flow, V By subs t i tu t ing  foT and
oTe 

i n t o  Eq. (3.10b) and u s i n g  Eq. (2.84) fo r  f 
Ro'T OT'  
then the  previous assumption of a turbulent  flow in the  compu-
ta t ion  i s incorrect .  A laminar-flow formula fo r  the  Darcy-Weisbach f r i c t i o n  
coef f i c ien t ,  Eqw (2.82), must b e  u sed  i n  cooperation w i t h  Eq. (3.49) and 
channel-section geometry t o  solve the f r i c t i o n  c o e f f i c i e n t ,  f o L 3  and the 
hydraulic radius,  R o L 9  fo r  laminar flow. The c r i t i c a l  P.eynolds nurnber,TRcL, 
and the  actual  Reynolds number,ER a r e  
0%" 
For the  laminar flow, equating the above eq'uat ions, or  
As shobm i n  F ig .  10, i n  order thatWoT <kRc,.fit can b e  readily shown that  
f
ol- < f 0%. a n d  ROT > Rob '  Evidently, f o r  t h i s  c a s e , n o  =ao,( = B ~ ~ ) ~  
-fo  - f oL3 and Ro  = R o L e  On the contrary,  ifWoT >WcT3 a s  shorn i n  F i g .  10, 
the only p o s s i b i l i t y  i s  that  i o T >  foL and ROT R o L O  Therefore, the  flow 
85 
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-i s  turbulent  andBo =WoT9 f  and Ro = R O T S  
0 - f o ~ 3  
After  the  values ofHio, f o ,  and R are  determined for  a given Qo
0 
$ 	 i n  a channel of given So,  ko, and geometry of the cross  sec t ion,  the charac- 
IF 
1 
i t e r i  s t i c  values of o ther  geometric elements of the channel sect ion such as  
Ao, To, and ho can be computed accordingly. The other  reference length 
1 i i n  the  d i rec t ion  of flow, Lo, i s  chosen from the avai lable  channel lengths 
t i n  the watershedo A 1 1  the  governing parameters r e la ted  t o  the  reference 4
1 	 flow a r e  thus evaluated. Other parameters such as  physiographic fac to r s  
(k j /Ro9  i,, Soi or  casezi " L i / L o ,  and Lovm/Lo) and hydrorneteorologi c  f ac to r s  
( r  a  ) should be grouped together and evaluated a t  each node point 
a t  any time level of computation. 
Immediate d i f f i c u l t y  a r i s e s  when the i n i t i a l  condit ions,  IEq. ( 3 . 1 5 ) ~  
i n  the  form of d i f ference  scheme a r e  used t o  s t a r t  the  computation. If the  
v e l o c i t y a n d d e p t h o f f l o w a r e a l l  ze roeverywherea t  t h e i n i t i a l  s t a g e s t h e  
method of c h a r a c t e r i s i t c s  using an e x p l i c i t  scheme f o r  specif ied g r id  in te rva l s  
fai  1s t o  y ie ld  solut ions  a t  the next immediate time level .  I t  appears necessary 
therefore  t o  assume an i n i t i a l  condi t iona  At the beginning of the  r a i n f a l l ,  
if  the surface i s  i n i t i a l l y  d r y ,  raindrops on the surface  ex i s t  i n  separate 
1 	 drople ts  under the act ion of capi l l a r y  and viscous forces ,  depending on the 
wetting condition of the surface.  According t o  Levich L4-31, a flow of very 
thin f i  lrn can b e  easi l y  broken-up i n t o  separate drops under the act ion of 
c a p i l l a r y  forces .  However, such a tendency i s  believed t o  be lessened under 
the act ion of the  raindrop impact. I t i s noted that  the  Mavier-Stokes equati ons 
i n  the form of boundary- layer equations can be used t o  describe the  flow of 
a th in  f i  lm. Since the  f i  lm i s  very t h i n ,  the curvature of i t s  surface cannot 
1
1 	 be large. Then, the cap i  1 lary pressure Po i n  quasi-undimensional flow 
( i  . e n ,  overland flow) may be approximated by 
h e r e 0  is the surface tension. Although Eq. (3.55) can be substituted into i 
the pressure term of the Navier-Stokes equations, which in turn are solved 1i 
with the corresponding continuity equation and the boundary conditions at the 1' 1 
i 
free surface and the ground surface, it is believed that the solution of h i ! 
!is very difficult. Consequently, as a first-order approximation, the uniform 
 i 
flow equations for slow steady-state motion of a water film in a gravitatioi7al i 
field is assumed at the initial conditiono In other words, the surface of 1:1 
i 
the water film is assumed to remain parallel to the bottom surface at the ! 
i 
beginning of the rainfall; that is tosay, the film thickness remains constant { 
f 
and the capi llary surface forces are not present. Thus, the steady laminar 

flow equation i s  obtained. For a given initial depth of flow, h i ,  which is 
equal to rat, in a channel of given S and k solving Eq. (2.82) and the 

0i .Y 
uniform flow equation simultaneously for the initial velocity of laminar 

flow, V i L 3  yields 
in which R i  is the initial hydraulic radius evaluated from the given geometry 
of the channel section corresponding to h . It must be noted that all quan- i 
tities used in this portion of the analysis are not normalized. 

It should be noted that the laminar flow condition at the initial 
state may not always be the case, especially for flow under the raindrop 
impact. Under certain flow condFtions, the flow may start immediately w i t h i n  
the turbulent flow regime with the initial velocity of turbulent flow, V i T 9  
which can be expressed explicitly in terms of the known quantities by solving 
Eq. (2.84)and the uniform flow equations simultaneously. Thus, 
A question arises as to which formula for f should be used because whether 

the flow is laminar or turbulent is unknom 2 . If the initial hydraulic 
radius, R i ,  is substituted into Eq. ( 2 . 8 5 ) ,  the critical Reynolds number,IWci2 
88 
f o r  R i  can be- calculated by  
the  2R 2 
Wci  = log^^ + 1.74) (3 .58)  
j 
he value ofIR soobtainedmust  b e  compared w i t h  the  values of the  i n i t i a l  
ei 
~eynoids  nurnbers,IRiL andERiT, f o r  l a n i n a r  and turbulent flows, respectively, 
t a n t  
ViLR i  8Go i  3 
r mi^ = - = - - -w 2 
cv 
2R
' i ~ ~ iIlliT -- = (2  log,* T;p. + 1.74)v j 

From Eqs. (3.581, (3.59) and ( 3 . 6 0 ) ~ i t  can be readi l y  shown that  the3 
following relationship arnongaeW c i  'W i L 3  andIRiT exi s t s :  
=nipci 
from which the following two possible cases can be examined: 
Case ( a ) .  I f I F i  <Wci  thenIRi '3Rci9 
Case (b) . l f W >mci  thenmi >W >Wci 
When these two cases a r e  plotted i n  F ig .  1 1 ,  i t  i s  evident t h a tm i  =W i L 2  
-
f a  1 = f i L 9  and V i  = V i L  for Case ( a ) ,  and thatWi =IlliT3f i  - f i T 2  and 
V.  = V i T  f o r  Case (b)  . 
i 
3-4-3. Select ion o f t h e a c t i o n  Coeff i c x 
Up t o  t h i s  stage, there s t i l l  remain unsolved problems such as 
89 
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the evaluaticn of the friction coefficient by using the ~$rrn;n-~randtl 

logarithmic equation, Eq .  (2.84), for turbulent flow if the roughness size, 
of the channel has almost the same order of magnitude of the depth of 
flow. I n  this problem, an unreaiisticalay large value of the friction 
coefficient obtained from Eq .  (2.8') may always produce a term of extremely 
large rnagni tude, w'nich can be hardly compensated for by the other terms. 
As there has been no better expression for f than the ~a)rmSn-~randtl 
3 
; logarithmic equation, some means must be provided to overcome thi s hapless f 
i situation. It is noted that most previous investigators assumed that the 
I friction coefficient is constant; however, this assumption is not justified 
when the variation of the flow depth has several orders of magnitude. 
Naturally, the use of an extremely small time interval may sometimes help 
circumvent this difficulty; but, in terms of the increased computer time, 
ss  cannot be considered as a practical improvementa Therefore, it is 
proposed that the Triction slope, S f '  at the initial stage is evaluated from 
the energy equation formulated around each grid point. As shown in F i g D  12, 
the head loss, hf, due to friction between points D and E (or E-W super-
critical flow) is assumed equal to SfAxDE, in which is the channel 
2
dis tance  (a positive value)  between points D and E. Thus, the term fWdfoR,, 
which in normalized form equals to Sf/ S  0"  can be estimated from the following 
relationship at least as a first-order approximation: 
in wh i c h  D and a!E are the energy correct ion f a c t o r s  at poi rats D and E,  
respectively. I n  the case of supercritical flow, the distance between 
points D and E l ,  AxDE, should replace Ax in Eq.  ( 3 . 6 2 ) .  For turbulent DE 
flow, i t  appears safe to assume that the energy correction factor is unity. 
The time increment A t ,  i s determined by the Courant c r i t e r i o n  
Eq. (3.34). At each time level, two uunknov~ns, h and V at every interior 
P P)
grid point are calculated by solving Eqs. (3 .36)  and (3.38) simultaneously. 
FIG. 12 , THE VALUE OF FRICTION SLOPE EVALUATED 
BY THE ENERGY EQUATION 
after other interpolated values at points D and E (or E '  for supercri tical 
flovr) are obtained from Eqsa (3.391, ( 3 . 4 0 ) ~  (3.431, and (3.44),  or Eqs. (3 .39) )  
( 3 . 4 0 ) ~  (3.46), and (3.47) for supercri ti cal flow. Because one boundary cow 
dition is already given, one of the characteristic difference equations, %qse 
(3.36) and (3=38) ,on each boundary point i s sufficient to g i v e  the unique 

solutions. For example, at the watershed divide, the boundary condition, 

Eq.  (3 .16 ) ,  in [:he difference form can be incorporated with the C--character 

istic difference equation, Eq.  ( 3 . 3 8 ) ,  to find the depth of flow, hp, on t h e  

I 

d i v i d e  At the outlet of the watershed, on the contrary, the c'-characteris- 
t i c  difference equa t ion ,  Eq. (3.361, and the boundary cond i t i on ,  Eq. ( 3 . 1 7 ) ,  
in the difference form are solved simultaneously for h and V p  for subcritical P 
flow. 

In the case of supercritical flow, no boundary condition is needed 
because the C4-- and C--characteristic difference equations, Eqs. (3.36) and 
(3.381, arc sufficient to yield the unique solutions for h and V at the 
P P 

out l e t .  In order to avoid the approximate evaluation of the friction slope, 
Sf$ on the boundary by using the energy equation as proposed previously, the 
equation of continuity, Eq. (3.12), i n  the difference form is alternatively 
used instead of using the characteristic difference ecjuation, Eq.  (3.36) or 
(3.38).  Other cases for determining the boundary values of the depth and 
velocity of flow should be discussed individually in the following. In the 
case that channels are connected in series, as shown in Fig,  8, the depth 
and velocity of flow at the upstream end for flow on a steep slope are deter-
mined by the downstream flow c~nditions in the other flow region of t h e  adjacent 
channel; that is, usually a critical f l o w  condition by EqEq.( 3 . 17a ) .  At a 
junction between two m i  l d  slopes, the depth and velocity of flow i n  one f low 
region must be equal to those in the other flow region. Therefore, two 
equations, one from each flow region, are set up and solved simultaneously 
for the depth and velocity at the junction. As shown in Fig. 8(b) at a 
junction between a horizontal slope and an adverse slope, one equation for 
flow in an upstream channel could be a characteristic difference equation, Eq. 
-I-
(3.3~)~along the C -characteristic curve. In order to avoid some difficulty 
in evaluating the friction slope, Sf, however, two continuity equations, one 
from each flow region, must be used instead. 
If there is a channel flow adjacent to the downstream end of the 
overland flow, the internal boundary condition, Eq. ( 3 . 1 9 ) ~must be satisfied. 
,
f
At the junction, the C -difference equation, Eq. (3.361, from each overland- 
+ 
flow part and the C - and C--difference equations, Eqs.  ( 3 . 3 6 )  and ( 3 . 3 8 ) ,  fo r  ' 
channel flow can be solved simultaneously for a common flow depth and two 
or three velocity components; L e o ,  one velocity component for each flow. 
i 
In other words, three equations are sufficient to solve three unknowns at t h e  j
I 
junction if there is only one overland flow from one side of the channel f 1 
Naturally, four equations are needed to solve four unknowns in the case that 
overland flows come from both sides of the channel flow. 
During the computation of two unknowns, h and V at each grid 
P p9

point in the x,t-plane, whether or not the flow is subcritical must be 
examined first. In other words, iEq. (3.48) must be used to test the possible 
occurrence of critical sections and hydraul i c jumps. There are two possibi l i -
ties of having a critisal state of flow in the channel: One occurs when a 
subcri ti cal flow changes to a supercri tical flow, and the other occurs v i  ce 
versa. The latter will produce discontinuity in the water surface to create 
a hydraulic jump, the location of which may be determined by the method of I 
linear extrapolation. The former involves no such discontinuity in the water 
surface so that the determination of the location of the critical section by 
the method of linear interpolation i s  relatively simple. if there is a critical 
section in a channel as shown i n  fig. 13 between two grid points B and C, 
the conditions at the points B and C must be 
and 
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I f  x denotes the position of the critical section, the following relation- s 
ship must exist at x 
os o  
i1 
i 
i n  which the velocity and hydraulic depth of flow at the critical section, 1 
VS and D can be linearly interpolated from the known values o f V  and D 1 
I 
S 3  
at points B and C; or 
DS  = DB + 
X S 
Ax 
- ° XB 
bC- DB) (3 .67)  
Substituting Eqs. (3.66) and (3.67) into Eq. (3.65) yields a quadratic 
equation in x S or AxS, in which Ax s = xS - xgO The quadratic equation can 
be. solved numerically by the Newton-Raphson method (see Appendix 8).  
The determination of the location of a moving hydraulic jump is 1 
more complicated than that of the critical section. Themoving hydraulic- [ Ii 
jump equations, Eqs. (3, .20)  and ( 3 . 2 1 ) ~can be solved with the assistance 
of the following four extrapolation equations: 
____ 
(3 71.1 
i n  which a1 l quan t i t i e s  with the subsc r ip t s  A \  AA ,  and C denote the 
corresponding quan t i t i e s  a t  points ,  A ' ,  A ,  J ,  8,  and 6 ,  respect ively ,  as 
i defined i n  F i g .  13! T h e  s i x  equations,  Eqs. ( 3 . 2 0 ) ~(3 .21 ) ,  (3.681, (3.691,
i 
(3.701,  and (3 .71) ,  a re  solved simultaneously fo r  s i x  unknowns, e, x J ,  A ] ,  
1 '  A 2 '  and V2 .  
Expressing A 1 V I 9  A Z 9  and V2 i n  Eqs. (3.68) through ( 3 . 71 )  i n  
terms o f  the other quan t i t i e s  a t  the g r id  points ,  A ' ,  A ,  1 3 ,  and C and sub- 
s t i t u t i n g  them in to  Eq. ( 3 . 21 )  y ie lds  an a lgebra ic  equation of 4-degree i n  
AxgJ (=  xB - xJ) or AxJA (= xd - xA ) '  which can be again solved by  the 
ton-Raphson method. Hence, the conjugate depths and the ve loc i t i e s  of the 
jump can be calculated from Eqs. (3.68) through (3 .71 )  a f t e r  Ax or kJAi sBJ .  
determined. Final ly ,  t h e  veloci ty  of the  moving hydraulic jump, 5, can be 
computed from Eq .  (3 .20)  . 
+ 
To find the values of the  unknowns from the  C - and C--characteri s t i  c  
d i f ference  equations a t  a grid point i n  the  v i c i n i t y  of the j ump  i s  rather 
systematic despi te  of the  i-ncreasing complicity i n  t he  method of in terpola t ion
-
o r  ext rapola t ion.  As shown i n  F ig .  13, the l ine  J J '  i n  the x, t-plane i s  the 
4-

locus o-F the  hydraulic jump that  cannot b e
-
crossed by the  C - cha r ac t e r i s t i c  
curve. Whether point D i s on 1 ine o r  J J u  must b e  t e s t ed  by  the  f o l  lowing 
inequali ty:  
I f  AxgJ s a t i s f i e s  t h i s  inequal i ty ,  then point D should f a l l  on l i n e  T; 
otherwise, i t  should b e  on z~I f  point D i s  on l i ne  E, the ordinary 
in terpola t ion method mentioned previously fo r  finding V D  and DD i s  applicable 
here except tha t  the in terpola t ion must be made between points B and J .  
If point D i s  on J J ' ,  the  conjugate depths and ve loc i t i e s  of the 
jump may be assumed unaltered while the  point moves from J t o  J ' .  Let 

I 
(et - at, ,) (3-81) 
E A X ~ ~ ~ #a X ~  
-__e___l- ---
At At - a t g ,B 
it can be readily shown from Eqs. (3.80) and (3.81) that 
V E  = VtE,  (3.83) 
-DE  - D E i  (3.83) 
Consequently, Eqs. (3.36) and (3.38) are applicable here for the determination 
of V p  and hp by inserting (at - At, into the equations in place of At. 
The aforement ioned procedures of computation are programmed i n  
Fortran 9V and executed on t h e  BBM 360 cmputer. The F low chart of the 
general computer program for solving a simplified overland flow problem i s  
shown in. Fig. 14. 


CHAPTER 40  AN EXAMPLE O F  COMPUTER SOLUTION 
The mathematical model of the watershed flow formulated in the 

previous chapter is solved on the I B M  360 computer. As an exploratory study, 
o n l y  	typical cases such as the overland flow with an overfall ccndition 
prescribed at the downstream end are investigated. For simplicity, the com- 

puter subroutine for solving the hydraulic jump equations is not included in 

this report but will be considered in future studies. Future studies will 

also 	b e  made on the appl i cabi l ity of the proposed technique to complicated 
cases such as watershed flow in natural and laboratory watersheds under moving 

rainstorms and the effects of sane significant dimensionless parameters des- 

cribed in Section 3-1 on watershed flow characteri sticso 
Computer results for overland flow under a given rainfall of con- 

starit intensity and indefinite duration are obtained from the IBM 360 computer. 

The input data are assumed as follows: 

(a) 	 Hydrometeorlogi c data 

A = 	14 fps 
(b) 	 Physiographic data 

To = 1 ft for overland flow of unit width 

b = 20 ft 

0 

So = 	0.02 d 

Accordingly, the normalizing quant i ties and the governing parameters are 
obtained from the computer as follows: 
(c) 	 Norma 1 i zi  ng quantities 

r = 10 in./hr

0 
101 
L = 2 0  ft 
0 

T o =  l ft 
Fol lowing the procedure described in Section 3-4, Eq. (3.10a) gives 
Qo = 10 x 20 x 1 = 200 in.-ft2/hr = 0.004629 cfs. The values of A. and Do 
are related to R through the geometry of the flow cross section. For the 
overland flow, I 0A ~ / = ID^/ = / R ~ / .After identifying the flow being turbulent 
or laminar, the computer automat i cal t y  produces 
fo = 0.06383 
By Eq. (3.10b), the computer also gives 
Vo = 0.7202 fps 
(4) Governing- parameters 

L o / ~ o ~ o s ~ o3113
= 

ro/V = 0.000322 

0 

D ~ / T ~0.006427
= 

Eo= 1.585 [from E q .  (3.10~)] 

The data output from the computer is analyzed and plotted in the following 
figures: Figure 15 shows the normalized flow profile; F i g .  16, the normalized 
velocity distribution; Fig. 17, the normalized discharge distribution; Fig. 18, 
the Froude number distribution; Fig. 19, the friction coefficient distribution; 
and Fig. 20, the location of a moving critical section. 
X* 
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CHAPTER 5. Dl SCUSSlONS 
In the previous chapter, the mathematical model of a simplified 

i 
I 

overland flow problem was solved by the method of characteristics using the 
explicit scheme for specified grid intervals. When the method is applied 
to more general cases than the one so demonstrated the computational stability i 
l 
and convergence problems of the solution should be carefully examined. In 

a general case, the watershed flow may have a large number of internal boun- 

i 
daries, at which the overland flow may meet the channel flow at the critical , 

I 
state, at a discontinuity in water surface, or at a break in the channel 

slope. The proposed method can be essentially applied but the internal boun- 

dary values of all flow variables in the two (or possibly more) adjacent flow 

regions must be evaluated simultaneously from the corresponding characteristic 

di fference equations using some interpolation or extrapolation formulas. The 

consideration of a large number of internal boundaries at the same time may 

result in an extremely lengthy computer program that is likely beyond the 

capacity of the presently available computers. Aside from such possible 

limitations, the proposed method is believed to be more accurate, efficient, 

and advantageous than other available methods to solve the watershed flow 

problem. 

In the application of the proposed method, some assumptions on the 
hydrodynami c characteri st ics of the watershed flow must be di scussed. For 
example, the approximations made in the evaluation of the friction slope or 
the friction coefficient, Eqs. (2.82) and (2.841, need further verification 
by laboratory experiments. Such experiments may be conducted on the WlES 
and constitute an important part of future studies on watershed hydrodynamics0 
In the derivation of the equation of momentum, Eq. (2.72), three 
momentum correction factors, 8 ,  BL, and Br are introduced to account for the 
velocity distributions of the main flow, lateral inflow (or outflow), and 
raindrops. Strictly speaking, the momentum correction factors are not con- 
staiit, for they vary with time and space. In general, these momentum cor- 
rection factors are very close to unity when the flow is turbulent, but may 
deviate greatly from unity when the flow is laminar* Unfortunately, these 
factors cannot be easily determined. for simplicity, all the mexentum correc- 

tion factors used i n  the present study are assumed unity, Errors of this 
assumption may be insignificant, but should be examined by comparing the 

results obtained on this assumption with experimental results for which the 
momentum correction factors may not be close to uni tyJ 

The exact value of the Darcy-Wei sbach friction coefficient, f ,  is 
very difficult to determine, but it can be approximated by Eqs. (2.82) and 
(2.84) where the critical Reynolds number by Eq .  (2.85) is used as a criterion 
to determine which of the two equations should be used. Bn the case of over- 
land flow, the constant C in Eq. (2.82) may be taken as a theoretical value, 
24, as it i s used in the example of Chapter. 4. I n the case of channel flow, 
the value of C changes with the shape of the channel cross-section. According 
to Chow h 3 ] ,  the value of C varies from 14 to 60, depending also on the 
roughness of the channel perimeter. The exact value of C for a channel of 
given shape and roughness, however, should be determined by experiments. When 
the flow is fully turbulent, Eq. (2.84) can be used, provided the "equivalent" 
roughness size, k, is measurable. It may be noted that if the depth of flow 
has almost the same order of magnitude of the roughness size or less, the 
logarithmic form of the Darcy-Weisbach friction coefficient in terms of the 
relative roughness ( ~ / k )may not hold because there is a minimum hydraulic 
radius, R m i n 2  Eqa (2.861, beyond which Eq. (2.84) is no longer valid. Whether 
or not the ~grm&-~randtl logarithmic equation Eq. (2.84) is valid for the 
watershed flow, especially the overland flow where the depth is close to the 
order of magnitude of the roughness size, k, should be also checked by experi- 
ments. 

In Section 3-2, quasi linear f i rst-order part i a1 differential equations 
of hyperbolic type, ~Eqs. (3.12) and (3.13) have been transformed to a set of 
characteristic ordinary differential equations, Eqs. (3.32) and (3.331, along 
+ 
the C - and C--characteristic curves, 'Eqs. (3.30) and (3.31)~ by the method 
of characteristics. By using the explicit scheme for specified grid intervals, 
the characteristic ordinary differential equations, Eqsa (3.32) and (3.33), 
can be further transformed into another set of characteri st i c difference 
equations E ~ s . (3.36) and (3.38), which are in suitable forms for numerical 
calcula t ion b y  the computer. l ncorporat ing the in terpola t ion formulas (or 

the  ext rapola t ion formulas i n  t he  case of the moving hydraulic jump) w i t h  t h e  

+ 
di f fe rence  equations f o r  the C - and C- -charac te r i s t i c  curves, Eqs. (3 .35)  

and (3.37), y ie lds  the values of a l l  flow var iables  a t  the previous time 

l eve l ,  which can be then subs t i tu ted  in to  the characteri  s t i c  d i f ference  equa- 

t i o n s ,  Eqs. (3.36) and (3.38), t o  compute the two unknown values a t  each node 

point of the  next time level i n  t he  x, t-plane.  The procedure of t h i s  com-

putat ion i s  believed t o  reduce considerably the i n s t a b i l i t y  problem of the 

numerical so lut ion.  However, the convergence problem i n  the numerical solut ion 

due t o  the many approximations s t i l l  cannot be avoided. 

There are  two types of e r r o r s  that.may be introduced t o  the cmpu- 

t e r  r e s u l t s :  the  truncation e r r o r  and the  numeri c a l  (or  round-off) e r ro r .  

The t runcat ion e r ro r  i s  due t o  the  e x p l i c i t  scheme and cons t i tu tes  the larger 

part  of the  t o t a l  e r ro r ,  w h i  le  the  numerical e r ro r  i s  minimized t o  a  great 

extent  by means of the Courant c r i t e r i o n ,  E q .  (3.34).  The work of Liggett 

and Woodhiser 1191 indica tes  t h a t  high values of the  normal flow Froude number, 

IFo, and the  parameter, L ~ s ~ / ~ F ~ D ~ c o s ~ ~ ,i s act  ua l l y(whi ch a comb i ned form of 

three  parameters: L o / D o ~ ~ ~ Q o ~  and IFo used the  present s tudy),  cause
So, i n  
more truncation e r ro r  than the lower values i f  t h e i r  f in i t e -d i f fe rence  scheme 
i s  used. Whether or not t h e i r  t runcation e r ro r  i s  mainly caused by an improper 
se lec t ion  of the scheme fo r  the  supercri t i c a l  flow i s  unknovm. I t  i s  possible 
tha t  the  same scheme being used f o r  both subcr i t i ca l  flow and superc r i t i ca l  
flow by  most inves t igators  is a  major reason fo r  unstable solut ion and trun-
cation e r r o r .  I n  the proposed method, d i f fe ren t  schemes are used; Eqs. (3.43) 
and (3.44) f o r  subcri t i c a l  flow and Eqs. (3.46) and (3.47) for  supercr i t ica l  
flow. Thus, a b e t t e r  approximation of the  flow var iables  along the  C--charac- 
t e r i s t i c  curve i s  achieved than tha t  of other methods. I n  order t o  demonstrate 
the superiori  t y  of the proposed method, high values of Ho and L ~ s ~ ~ ~ D ~ ~ o s @ ~  
are  used i n  t he  example of Chapter 4-
The truncation e r ro r  involved i n  the e x p l i c i t  scheme i s  evident 
from the  normalized discharge d i s t r i b u t i o n  curve, Fig. 17, which does not 
seem t o  converge t o  a -  theoret ica l  l ine  ( the  dashed 1 ine) as  the normalized 
time approaches i n f i n i t y .  The theore t i ca l  l ine  i s  represented by 
which can be easi l y  obtained by integrating the equation of continuity, Eq, 
(3.12) and satisfying either the upstream boundary condition (Q, = 0 at 
d b  
x, = 0) or the downstream boundary condi tion (Q, = 1 at x*,  = 1). The 
error introduced at the downstream end is estimated to be approximately 
less than 5%, wh i  ch i s considered suffi ci ent ly accurate for pract i cal purposes. 
Unless a more accurate and refined finite-difference scheme is used to approxi- 
mate the differentia? equations, this kind of truncation error due to the 
intrinsic nature of the difference scheme cannot be eliminated. However, a 
more accurate and refined finite difference scheme may require considerable 
computer time that may not be justified. 
The convergence problem of the difference scheme i s evident from 
the hydrographs plotted for different expressions of the Darcy-Weisbach fric- 
tion coefficient, f, as shown in Fig. 21. Using ehe values of the controlling 
parameters given in the example in Chapter 4, different assumptions of f 
exhibit entirely different hydrographs. For instance, for f = 0, the outflow 
rate at the downstream end, ~,(l,t,), rises sharply and then gradual iy flattens 
out with time to a certain limiting value. For f expressed by Eqs. (2.82) 
and (2.841, the hydrograph converges to the same l irniting value but approaches 
it from below. The difference between the limiting value and Q-,.(l,t,) = 1 
is the truncation error introduced at the downstream end. For f = fo, which 
is the usual assumption made by most previous investigators, the hydrograph 
converges to the same limiting value. Since different expressions of f result 
in entirely different hydrographs, the success of the mathematical simulation 
e 
of the watershed flow undoubtedly depends greatly on the correct expression 

of f in terms of some governing parameters such as the Reynolds number, the 

re lati ve roughness, the Froude number, etc. Further investigation on the 

1 correct expression for f i s  therefore needed. 
Bn order to resolve the singularity problem at the i n i t i a l  stage 
when the channel bed is dry, different assumptions on the initial velocity V i 
for a given small initial depth can be tested and compared. As shown in 


F i g .  22,  a comparison i s  made on hydrographs of ou t f low on s t eep  channel s lope  
f o r  an assumed f = O (whi ch  cannot b e  t r u e  b u t  i s assumed f o r  t e s t i n g  purposes) . 
Only a s l i g h t  v a r i a t i on  i n  t h e  hydrographs i s  observed f o r  d i f f e r e n t  values 
of V i  . Three d i f f e r e n t  values of V a r e  assumed: zero  veloci t y ,  uniform ( o ri 
normal) f low veioci t y  (v,), and c r i t i c a l  v e l o c i t y  (V  ) .  I t  can b e  readi ly 
C 
seen t h a t  only t h e  hydrograph s t a r t i n g  with t h e  c r i t i c a l  v e l o c i t y  d i f f e r s  
I s l i g h t l y  from t h e  o the r  two. The assumption of zero  v e l o c i t y  i s  not used 
because of no t h eo r e t i c a l  b a s i s  f o r  t h i s  assumption. I f  a  supercr i  t i c a l  f low 
s t a r t s  immediately w i t h  r a i n f a l l ,  t h i s  assumption coupled with a  given i n i t i a l  
depth of f low may r e s u l t  i n  a d i f f i c u l t  numerical so lu t ion  a t  t h e  subsequent 
time l eve l s .  The assumption of c r i t i c a l  ve.loci t y  may be j u s t  i f  ied f o r  an 
i n i t i a l l y  s u p e r c r t t i c a l  flow, but not f o r  an i n i t i a l l y  s u b c r i t i c a l  flow. 
Consequently, t h e  normal flow ve l o c i t y  i s  used a s  t h e  i n i t i a l  . : ~ e l o c i t y  i n  
the  present  s tudy.  
When an ove r f a l l  case  i s  considered, a d i f f i c u l t y  may occur i n  
s e t t i n g  u p  t h e  downstream boundary condtion.  i f  t h e  roughness s i z e  has almost 
t h e  same o rde r  of magnitude of t h e  flow depth, so lv ing  t h e  boundary condi t ion ,  
4-
e C - c h a r a c t e r i s t i c  ( 3 . 3 ~ ) ~d i f f e rence  equat ion ,  !Eq. woul d 
j r e s u l t  i n  an u n r e a l i s t i c  so lu t ion  f o r  a s u b c r i t i c a l  flow. This i s  due t o  t h e  
f a c t  t h a t  a term of f r i c t i o n  r e s i s t ance  i n  extremely la rge  order-of-magnitude 
i-

appearing i n  t h e  C echarac te r i  s t i  c  d i f f e r ence  equat ion ,  Eq. ( 3 . 3 6 ) ,  cannot 
be compensated by o the r  terms i n  t h e  case  of t he  downstream ove r f a l l  c0nd.i t i o n .  
Although incorpora t ing  t h e  C--charac te r i  s t i  c  d i f f e r ence  equat ion,  iEq. (3.381, 
w i t h  t h e  o v e r f a l l  condi t ion ,  :Eq.  (3 .17a ) ,  may overcane t h i s  d i f f i c u l t y ,  t h e  
modi f ica t ion  i s  considered imprac t ica l  in terms of computer time because very 
small time i n t e r v a l s  would be requi red .  I n  order  t o  reso lve  t h i s  d i f f i c u l t y ,  
$=-
ZZ t he  equat ion of con t inu i ty  ins tead  of t h e  charac te r i  s t i c  d i f f e r ence  equat ions 
A 
-
(2 i s  used on a l l  boundaries.  It may be noted t h a t  high values of t he  parameter 
'2-
1 L o ~ o / B2 D coseo can be well approximated by the  s o l u t i on s  obtained from the A 
0 0 
0 k i  nemati c-wave method [ l I - 131. i n  which only one fami l y  of cha rac t e r i  s t i  c  equa- &a 
t i on s  with t h e  assumed upstream boundary condi t ions  (V  = 0 and h = 0) i s  
needed. The normal ized flow profi  le i n  ( E g o  15) shows t h a t  t h e  depth of f l ow  
a t  t h e  upstream end i s  very c lose  t o  zero,  which agrees  w i t h  t h e  assumption 

s" 
shows tha t  a t  sometime a f t e r  the ra in  s t a r t ed ,  the  flow becomes p a r t i a l l y  
supercri t i c a l  downstream and subcri t i cal i n  only a small portion upstream 
w i t h  a c r i t i c a l  sect ion moving upstream and f i n a l l y  reaching a l i m i t i n g  posi-
t ion  a s  time approaches i n f i n i t y s  The movement of the  c r i t i c a l  sect.ion i s  
shown i n  F i g .  20.  From these points  of view, one may conclude tha t  the 
b a khematk-wave method can be considered as  a gcod approximation when the flow 
i s  highly superc r i t i ca l  and the c r i t i c a l  sect ion i s  c lose  t o  the  upstream 
end. As a matter of f a c t ,  the assumption of the  depth and veloci ty  of flow 
being zero a t  the  upstream end i n  the  kinematic-wave method i s  same a s  to  
assume a f ixed c r i t i c a l  sect ion a t  the  upstream end and then a supercri t i c a l  
flow i n  a l l  the  way downstream. 
There a re  many problems yet t o  be studied.  These include the 
e f f e c t s  of the  governing parameters such as those l i s t e d  i n  Chapter 3, 
the flow cha r ac t e r i s t i c s  of various combinations of  in ternal  boundaries 
w i t h i n  a watershed, the e f f e c t s  of the hydrometeorologic and  physiographic 
f a c t o r s  on th2 outflow hydrograph, and the  hydrodynamic stal:3i 1 i t y  problem 
of surface flow over a watershed. 
CHAPTER 6 .  CONCLUSlONS 
A macroscopic hydrodynamic approach to analyze the surface flow 

on watersheds has been presented and discussed in this report. In this scud?, 

the mathematical model of the watershed flow was constructed and then solveii 
by the method of characteristics using the explicit scheme for specified g r i d  
intervals. The applicability and accuracy of the proposed method was examitled 
by solving a simplified overland flow problem on digital computers. Aside 
from some difficulties which are intrinsic in nature in the mathematical 
simulation and the method of solution of the watershed flow problem, the pro-

posed approach is believed to be more accurate, efficient, and advantageous 

than other approaches now avai lab le. 

The principal conclusions that may be drawn from this theoretical 
study of the watershed fiow may be summarized as follows: 
1. In the proposed apprcach, one-dimensi onal shal low-water Flow 
equations, that include terms for lateral mass flux, lateral momentum flux, 
overpressure h e ~ d  due to raindrop impact, and boundary shear, are derived from 
the equation of continuity and the Navier-Stokes equations for flow of viscoui 
incompressible fluid in cooperation with the kinemati c and dynamic boundary 
conditions on the water. and ground surfaces. The shear flow equations so 
derived are simple and feasible to describe mathematically the watershed fiow 
that is conceptually divided into the overland-flow and channel-flow parts. 
2. For the mathematical simulation of watershed flow, the flow 

equations and initial and boundary condt ions are ent i r-ely normalized so that 
the governing parameters of flow are defined. It is hoped that the effects 
of these parameters on the flow will be exp lo red  in future, 
3. To solve analytically the set of quasilinear partial differen- 
tial equations of hyperbolic type, Eqs. (3.12) and ( 3 . 1 3 ) ~for the normalized 
depth and velocity of the spatially varied unsteady flow seems impossible with 
the present status of mathematical knowledge unless a numerical method is used.  
By the method of characteristics, this set of flow equations can be transforixsd 
into a set of characteristic differential equations, Eqs. (3.32) and (3.331,
+ 
along the C - and C--characteri st i c curves, iEqs. (3.30) and (3.31), respect i ~ E I Y *  
This set of characteri stic differential equations can be further transformed, 
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into another set of characteri ti c di fference equations, !Eqs. (3.36) and 

(3.38), by using the explicit scheme for specified grid intervals. The 

characteri st ic d i  ffe~ence equations so transformed can be solved for two 
unknowns at every grid point In the x,t-plane with the aid of adequately 

prescribed initial and boundary conditions and sane interpolation formulas 

(or extrapolation formulas in the case of the moving hydraulic jump) as 

+ 
we1 1 as the equations for the C - and C- character! st i c curves, or 'Eqs. (3.391, 
(3.40)~ (3.433, and (3.44) for subcritical flow and Eqs. (3.591, ( 3 . 4 0 ) ~  
( 3 . 4 ~ ) ~  (3.47) flow. T h i s  iiletiiod of so l u t i on  i s  be-and for supercri  t i c a i  
lieved to be superior to other methods now available, although it has been 
shown that the truncation error involved i n  the scheme is inevitable. 
4. The proposed method will give not only the flow profile, 
velocl ty distribution, discharge distribution, Froude number distribution, 
and friction coefficient distribution, but also the location of a moving 
critical section and a hydraulic jump, if any. The stability of the numeri- 
cal solution is seemingly assured by using the linear interpolation or extra= 
polation method incorporating with the Courant criterion. 
5. It has keen demonstrated that the internal boundary conditions 
should be solved simultaneously with one of the Ci-- and c~-characteristic 
equations or the equation of continuity. The  internal boundary conditions 
that have been generally ignored by most previous investigators are found 
to be very important in simulating the surface runoff if the hydraulic routing 
method is used. 
6 .  Bt has been demonstrated in this report that different expressions 
of the Darcy-weisbachis f-value will result i n  different outflow hydrographs. 
Therefore, laboratory experiments to determine the best expression of the 
Darcy-Wei sbach fri ction coefficient for watershed flow in terms of the govern- 
ing parameters are most urgently needed. It is also noted that the tendency 
to have a sudden rise in the hydrograph for the assumed f = 0 under a certain 
combination of the governing parameters may cause rolling waves and thus result. 
in hydrodynamic instabi 1 i ty. 
7. The spatially varied unsteady flow equations so developed 
include the terms for momentum influx and the overpressure due to raindrops; 
both items may increase considerably the friction resistance. The amount 
of increase in friction resistance due to raindrop impact for a given intensity 
113 

and duration of rainfall can be numerically calculated by the proposed 
method and will be checked with experimental data obtained from the WESo 
When the interrelationship among the governing parameters become 
clear, other problems such as the flow characteristics of the various corn-
binations of internal boundaries within a watershed, the effects of the 
hydrometeorologic and physiographic factors on the outflow hydrograph, and 
the hydrodynamic stability of surface runoff wil l be further investigated. 
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APP:WDI X A. 'EQUAT! ONS FOR MOVING HYDRP,ULIC JUMP 
Following the definitions and procedures used by Stoker [ 3 8 ]  to 
obtain the conditions at a discontinuity in the water surface for spatially 
varied unsteady flow, a volume of water is considered to exist bet,ween two 
vertical planes: x = a] (t) and x = a2(t) with a2 > al and such that the 
planes always contain the same particles of water. If the length of the 
jump is ignored, there is a finite discontinuity in the elevation of water 
surface at a point x = ~ ( t )  within the volume of water between x = a1 (t) 
and x = a2(t), as shown in Fig. A-1. Applying the laws of conservation of 
mass and momentum (but not of energy) to the volume of water, the following 
equations can be written: 
in which p, and p2 are the pressures on the sections at x = al and x = a~ 
respectively. Here, A ,  and AT are the cross-sectional areas at x = a l  and
-
x = a respectively, and T~ is the boundary shear. If the Leibnitz rule 2 
of differentiation under the integral sign is used and p = constant, E q .  (A.1 )  
can be developed as follows: 

FIG A-l , A HYDRNLK JUMP UNEW WAIRBFAL 

where i ( t )  = $ can be r e fe r r ed  t o  a s  t h e  v e l o c i t y  of t he  moving hydraul ic  
j u m p .  Consider t h e  l imi t ing  case  i n  which t h e  length of t h e  water volume 
approaches ze ro  i n  such a  way t h a t  t h e  d i s con t i nu i t y  of t he  f r e e  sur face  
remains i n s i d e  t h e  volumeD Then ,  
1 i rn ~ ~ 2 ( ~ )dx = PA2 U2PA - PA I U
a2 a ,  d t  
a ,  ( t )  
i n  which lirn rnezns ( l i m  + + l i m  _ ) ,  A l  = A(%-, t ) ,  A2 = -I-, t ) ,~ ( 5  
-+a2 * a2 5 a ]  5 
U l  = q t )  - e ( t )  = V, - e ,  a nd  U2 = i 2 ( t )  - e ( t )  = V2 - 5 .  The notat ion 
V2 = A2(t) and 'dl = i l ( t )  a r e  t h e  conjugate  v e l o c i t i e s  of t h e  j u m p .  Hence, 
Eq . (A .  1 )  becomes 
Sirni  l a r l y ,  f o r  Eq. (Am2),  t h e  p re s su re  d i  s t r i b u t i  on i s  assumed hydrostat i  c,  
and Eq. ( 2 . 26 )  i s used. Then, 
09, 

where h*' i s t h e  overpressure head d e f i n e d  i n  Eq. (2.30) a n d  and are the2 
ddpths of the centroids of the cross-sectional areas, A ]  and A2, respectively. 
Furthermore, 
l i m  j T d x d O
a2 a 1 a l W  O 
Hence, 
-9'. 
L e t  the overrun d i  scharge, Q", of t h e  j ump  b e  d e f i n e d  b y  
Then 3 
w v = ~ A ~ ( F ,2ez + h*) c0s2ez + hiqC)COS -
For flow in a prismatic channel, A andxl are functions of the depth 
1 
of flow, h 1 2  whileA and: are functions of the depth of flow, h2.
2 2 
Therefore, Eqs. ( ~ ~ 4 )  form a set of equations which must be and ( ~ ~ 6 )  
* 
satisfied by five variables, 1, h,, V 1 2  h2, and V2. Any three of the 

variables should be specified so that the remaining two variables can be 

solved simultaneously from the above set of equations. Otherwise, three 

additional relationships for the five variables should be formulated in 

both flow domains divided by the point of discontinuity in the free surface. 

In the case of overland flow, the corresponding equations of 

continuity and momentum at the point of discontinuity in the free surface 

are 

J1 
 -
" a
where q rs the Overrun discharge of the jump per unit width and u
' . 2 1  2a 
are the conjugate depths of the jump for overland flow, U1  = ul- 5 ,  and 
- - w 
U2 = u2 - Five unknowns in this case are 5 ,  h,, u, h2, and u 2* 

APPENDBX 8.  THE NEWTON-RAPHSON METHOD 
This is an iterative method for solving a nonlinear equation or 

simul taneous nonlinear equations (algebra; c or transcendental) by means 

of generating a sequence of successive approximations which converges to 

a limiting value, a desired root or roots of the equation or equations [42]. 

( 1 )  For solving a nonlinear equation, 
the recurrence formula is 

I 
in which f (zk) =-=-df , and the variable, z, with the subscripts k and (k  + 1) 
dzk 
indicating the k-th and (k  + 1)-th approximate values of the real root, res- 
pectively. 

(2) For solving two simultaneous nonlinear equ2tions. 
the simuitaneous recurrence formulas are 

i n  w h i c h  Axk = xk + 
- xk9  Ayk -- yk  + - y k 2  and the variables, x and y, 
with the subsc r i p t s  k and (k + 1) indicat%ng the k - t h  and (k + I ) - t h  approxi-
mate va l u e s  o f  the real root, respectively. 
A P P E N D I X  C .  NOTATION 
A = cross-s9c t iona l  area of f low 

A = cross-sec t iona l  a rea  of f low a t  h = h 

c C 

An = cross-sec t iona l  a rea  of f low a t  h = h 

n 
A. = cross-sec t iona l  area of t he  re ference  flow 

A t  = cross-sec t iona l  a rea  of f low a t  h = 

t 
A 1  = conjugate  c ross -sec t iona l  a r ea  of t he  hydrau l i c  jump 
A2 = conjugate  c ross -sec t iona l  a r ea  of t h e  hydraul i c jump 
A,,  = normalized c ross-sec t iona l  a r ea  of flow 
A,] = normalized conjugate c ros s - sec t iona l  a rea  of t h e  hydraul ic  jump 
A;,Q = normalized conjugate c ros s - sec t iona l  a rea  of t h e  hydraul i c j u m p  
-
B = t o t a l  watershed area  p ro j ec t ed  on t h e  horizor!tal  plane 

B = t o t a l  watershed area  

C = cross-sec t iona l  shape f a c t o r ;  a  constant  

c  = concent ra t ion  of raindrops 

cf = forward charac te r i  s t  i c
-
C = backward charac te r  i s t i c 

D = hydrau l i c  depth of flow 

D = hydraul ic  depth of f low a t  h = h c  

c 

Dd = drainage dens i ty  of the  watershed 

D n  = hydraul i c depth of flow a t  h = 

Do = hydrau l i c  depth of the  re ference  f low 

D = hydraul ic  depth of flow a t  t h e  c r i t i c a l  s ec t ion  

S 
D t  = hydrau l i c  depth of flow a t  h = 
t 
D, = normalized hydraul ic  depth of f low 
d = depth of flow sec t ion  
d = depth of flow sec t ion  a t  h = h 
C C 
dn = depth of flow sec t ion  a t  h = h n  

do = normal depth of t he  re ference  flow 

dt  = t r a n s i t i o n a l  depth of flow sec t ion  

d-, = normali zed depth of f  'low s e c t  ion 

E = Froude number 

En = normal flow Froude number 
IFo = reference normal flow Froude number 
f = Barcy-Weisbash friction coefficient 
fA = Darcy-Weisbach friction coefficient for flow on an adverse slope 
f = Darcy-Weisbach friction coefficient for flow at h = h 
c C 

H = Darcy-Weisbach friction coefficient for flow on a horizontal slope 
F a  = Darcy-Weisbach fri ction coefficient for flow at the initial state 
1 
f i L  = Darcy-Weisbach friction coefficient for the assumed initial laminar 
f 1old 
f = Darcy-Wei sbach friction coefficient for the assumed initial turbulent flow i T 
fH = Darcy-Weisbach friction coefficient for flow on a mi Id slope 
f = Darcy-Weisbach friction coefficient for f'low at h - h 
n n 

f = Darcy-Wei sbach fri stion coeffi cient for the reference f l o w  

0 
fob = Darcy-Wei sbach fri ction coeffi cient for the reference laminar fiow 

= Darcy-Wei sbach friction coefficient for the reference turbulent flow 
fol-

is= Darcy-Weisbach friction coefficient for flow on a steep slope 

<ft= Darcy-Weisbach friction coefficient for flow at h = t 

f'k = conceptual Darcy-Wei sbach fri st i on coeffi cient 

g = acceleration of gravity 

h = depth of flow 

hA = depth of flow on an adverse slope 

h = depth of flow at the critical state 

C 
hch = depth of channel flow at the point of junction where the overland 
flow meets the channel flow 

hf = head loss due to friction 
hH = depth of flow on a horizontal slope 
h i  = assumed initial depth of flow 
hM = depth of flow on a mild slope 
ha = depth of fiow at the normal or uniform s t a t e  
hD = depth of the reference flow 
h = depth of the rn-trh overland f 'low at the p0ii.t of junction where the 
ovm 

overland flow meets the c t i a ~ n e lf l ow '  

hS = depth of. flow on a steep slope * 

h t  = transitional depth of flow 

h* = overpressure head due to raindrop impact 

h, .= norma l i.zed depth  o f  f 1 ow 

= ncurmalized dep th  o f  channel  f l o w  a t  t h e  p o i n t  o f  j u n c t i o n  where t h e  

o v e r l a n d  f l o w  meets t h e  channel  f l o w  

h,. = normal i zed depth  o f  f l o w  i n  t h e  i - t h  channel 

" 1 
h.:-
"ovm = 	n o r m a l i z e d  dep th  o f  t h e  m- th  o v e r l a n d  f l o w  a t  t h e  p o i n t  of j u n c t i o n  
where t h e  o v e r l a n d  f l o w  meets t h e  channel f l o w  
-
h = dep th  o f  t h e  c e n t r o i d  o f  t h e  whole c r o s s - s e c t i o n a l  a rea  o f  channel f l o w  
-
h,l = 	n o r m a l i z e d  con juga te  dep th  o f  t h e  c e n t r l j i d  o f  t h e  n o r m a l i z e d  cross- 

s e c t i o n a l  area,  A,. o f  t h e  h y d r a u l i c  jump 

-

h,2 = normal i z e d  con juga te  dep th  o f  t h e  c e n t r o i d  o f  t h e  nlJrmal i zed cross- 

s e c t i o n a l  area,  Aa2' o f  t h e  h y d r a u l i c  jump 

-1-
h, = n o r m a l i z e d  overp ressure  head 

i = i n f i l t r a t i o n  r a t e  o f  t h e  ground s u r f a c e  

i, = n o r m a l i z e d  avl!erage i n f i  l t r a t i o n  r a t e  o f  ground s u r f a c e  i n t e g r a t e d  

o v e r  t h e  t o p  w i d t h  o f  t h e  channel  

-
i = average i n f i l t r a t i o n  r a t e  o f  ground s u r f a c e  i n t e g r a t e d  o v e r  t h e  t o p  
w i d t h  o f  t h e  channel 
K = r e l a t i v e  roughness 
K = conveyance o f  t h e  channel s e c t i o n  f o r  f l o w  a t  h = h 
C 	 C 
Kn = conveyance o f  t h e  channel  s e c t i o n  f o r  f l o w  a t  h = hn 

K = conveyance o f  t h e  channel s e c t i o n  f o r  f l o w  a t  h = 

t t 

k = roughness s i z e  o f  t h e  ground s u r f a c e  t e x t u r e  

k = roughness s i z e  o f  t h e  j - t h  ground su r face  t e x t u r e4 

ko = r e f e r e n c e  roughness s i z e  o f  t h e  s u r f a c e  t e x t u r e  

LA = l e n g t h  o f  an adverse-s lope channel  

Lch = l e n g t h  o f  channel f l o w  

LH = l e n g t h  o f  a  h o r i z o n t a l - s l , o p e  channel 

L. = l e n g t h  o f  t h e  i - t h  channel s l o p e
I 
LH = l e n g t h  o f  a m i  l d - s l o p e  channel 

L = l e n g t h  o f  t h e  r e f e r e n c e  channel  

0 
= l e n g t h  o f  t h e  in- th o v e r l ~ r t d  f l o w  Lovm 

Ls = l e n g t h  o f  a  s teep-s lope  channel  

N = nonun i fo rm i  t y  f a c t o r  o f  t h e  channel  i n  b o t h  p r o f i  l e  and p l a n  
n = Manning's roughness c o e f f i t i e n t ;  number of ra indrops  per u n i t  hori-
z ~ n t a l  a rea  
n = m i n i m u m  Manning's roughness c o e f f i c i e n t  with respec t  t o  t h e  hydraul ic  
m i n  
r ad ius  
3-
n = conceptual Manning's roughness c o e f f i c i e n t  

p = pres su re  

po = c a p i l l a r y  pressure  

Q = discharge  passing through the  c ros s - sec t iona l  a rea  of t h e  channel 

Q, = re ference  d l  scharge of flow 

Qt = t r a n s i t i o n a l  d i scharge  of flow 

Q"' = overrun d ischarge  of t he  moving hydrau l ic jump 

Q?,;= normal i zed d i  scharge of flow 

q = discharge  per un i t  width of overland flow 

q 1  - l a t e r a l  inflow r a t e  per un i t  l e n g t h  of channel flow from t h e  s i d e  

" I "  of t h e  channel flow 

q2  = l a t e r a l  inflow r a t e  per un i t  length of channel flow from t h e  s i d e  

"2" of- t h e  channe 'l f  low 

= source o r  s ink  i n  t h e  cont ro l  volume 

q 5  
.l-q"  = overrun d ischarge  per un i t  width of overland flow 

q, = normalized discharge per un i t  width of overland flow 

qL-,< = normalized l a t e r a l  inflow r a t e  per uni t  length of channel flow 

-q L  = l a t e r a l  inflow r a t e  per un i t  length of channel flow 

R = hydrau l i c  r a d i t ~ s  of flow 

= Reynolds number 

R = hydraui i c  radius o f  flow a t  h = h 

C C 
B = c r i t i c a l  Reynolds number 
Z 
W c i  = c r i t i c a l  Reynolds number of t h e  assumed i n i t i a l  flow 
BcL= c r i t i c a l  Reynolds number of t h e  re ference  laminar flow 
R ,  = i n i t i a l  hydraul ic  radius of flow 
1 
R i i  = i n i t i a l  hydraul ic  raa ius  of laminar flow 
W i L  = Reynolds number of t h e  assumed i n i t i a l  laminar flow 
R i T  = i n i t i a l  hydraul ic  radius of t u rbu len t  flow 
Elii = Reynolds number of t h e  a s sumed '~ in i t i a1  tu rbu len t  flow 
= 	minimum h y d r a u l i c  r a d i u s  For  a  g i v e n  roughness s i z e  o f  ground R m i n  

s u r f a c e  t e x t u r e  

Rn = 	h y d r a u l i c  r a d i u s  o f  f l o w  a t  h = h 
!I 
Ro = h y d r a u l i c  r a d i u s  o f  r e f e r e n c e  f l o w  

R = h y d r a u l i c  r a d i u s  o f  t h e  r e f e r e n c e  laminar  f l o w 

oL 
. WoL = Reynolds  number o f  t h e  r e f e r e n c e  laminar  f l o w  
= 	h y d r a u l i c  r a d i u s  o f  t h e  r e f e r e n c e  t u r b u l e n t  f l o wR o ~  

ROT= Reynolds  number o f  t h e  r e f e r e n c e  t u r b u l e n t  f l o w  

R t  = h y d r a u l i c  r a d i u s  o f  f l o w  a t  h = ht 

R,, = normal i zed h y d r a u l i c  r a d i u s  o f  f l o w 
J> 
r = r a i n f a l l  i n t e n s i t y  

r = r e f e r e n c e  r a i n f a l l  i n t e n s i t y 

0 
r, = 	n o r m a l i z e d  average r a i n f a l  1 i n t e n s i t y  i n t e g r a t e d  over  t h e  t o p  

w i d t h  o f  t h e  channel  

-

r = average r a i n f a l l  i n 2 e n s i t y  i n t e g r a t e d  over  t h e  t o p  w i d t h  o f  t h e  

channe 1 

S c  = c r i t i c a l  s lope  

S f  = f r i c t i o n  s lope  

S f x  = f r i c t i o n  s lope  i n  t h e  d i r e c t i o n  o f  

So = channel  s lope;  t h e  r e f e r e n c e  channel  s lope  

so^ = adverse  channel s l o p e  

so^ = h o r i z o n t a l  channel  s l o p e  ' 

So i  = t h e  i - t h  channel s!ope 

SOH = m i l d  channel s lope  

SoS = s t e e p  channel s l o p e  

S: 	 = concep tua l  f r i c t i o n  s lope  i n c l u d i n g  t h e  head l o s s  due t o  r a i n d r o p  impact  
T = t o p  w i d t h  o f  t h e  f l o w  i n  t h e  channel  
Th 	 = t o t a l  head o f  f l o w  

= t o p  w i d t h  o f  t h e  r e f e r e n c e  f l o w  
To 

T,. = n o r m a l i z e d  t o p  w i d t h  o f  t h e  f l o w  i n  t h e  channel  

I\ 

t 	= t i m e  

= t i m e  a t  t h e  m-th l e v e l  o f  computa t ion  i n  t h e  x , t - p l a n e  
tm 

t - ,  = norma 1 ii zed t ime 

I\ 
- - 
U = degree of unsteadiness  

u = v e l o c i t y  component i n  t h e  d i r e c t i o n  of x -ax i s  

-
u = average ve loc i ty  component i n  t h e  dY rec t ion  of x-axi s  

u, = normalized u 

V = average v e l o c i t y  of t he  flow sec t ion  

VA = average v e l o c i t y  of flow on an adverse s lope  

VH = avsrage  vi10ci t y  of fiow on a hor izonta l  s lope  

\ I .  = i n i t i a l  average veloci ty  of Flow 

I 
V .  = i n i t i a ?  v e l o c i t y  of laminar f low 
I L 

= i n i t j a l  v e l o c i t y  of t u rbu len t  flow

' i ~ 

VH = average ve loc i ty  of f iow on a m i l d  s lope 

Vo = average v e l o c i t y  of t h e  re ference  flow 

V o L  = average  veloci t y  of t h e  re ference  laminar f,low 

= average v e l o c i t y  of t h e  re ference  turbulen t  f low
V o ~  
V S  = average ve loc i ty  of flow a t  t h e  c r i t i c a l  s e c t  ion; average *.deloci t y  
of flow on a s t e e p  sfope 
V ,  = conjugate  average v e l o c i t y  of t h e  hydraul ic  jump 
V = conjugate  average v e l o c i t y  of t h e  hydraul ic  j u m p2 

V,, = normal zed average veloci  t y  of f low 

6, 

V,,. = normalized average v e l o c i t y  of f low i n  t h e  i - t h  channel 
" 1 
V,i = norrnali zed conjugate average v e l o c i t y  of t h e  hydraul ic  j u m p  
V,2 = normal i zed conjugate  average v e l o c i t y  of t h e  hydraul ic  j u m p  

I/ = ve loci t y  ~OiDpGiiei-iti n t h e  d b e s t  i cn of y-ax l s 

v1 = v e l o c i t y  of overland flow i n  s i d e  " 1 "  of t h e  channel flow 

v = v e l o c i t y  of o v ~ r l a n dflow i n  s i d e  "2" of t h e  channel flow 

-
2 

v = average ve loc i ty  component i n  t h e  di rec t ion  of y-axi s 

W E S  = Watershed Experimentation System a t  the  Un ive r s i t y  of I 1 1  inoi s 

W = v e l o c i t y  of t h e  movement of rainstorm 

WLf2 = normal i zed ve'loci t y  of t h e  movement of rainstorm 

d \ 
w = v e l o c i t y  component i n  t h e  d i r e c t i o n  of z - a x i s  
x = coordina te  
x - longi tudina l  d i s t ance  I n  t h e  d i r e c t i o n  of channel flow a t  the  point 
ch 

of consi de ra t  i on 

8, 

x = location of the hydraulic jump J 

x = location of the critical section S 

x, = normalized x 

y = cosrdinate 

Z = section factor for ckitical flow computation for flow a t  h = h 

C c 

Zn = section factor for critical flow computation for flow at h = h 

n 
Zt = section factor for critical flow computation for flow at h = h 
t 
z = coordinate in the direction normal to the ground surface 
z' = coordinate in the vertical direction 

a = energy correct ion factor 

@ = momentum correction factc~r for the velocity distribution of main flow 

p.L = momentum correction factor for the velocity distribution of lateral flow 
4- = momentum correction factor for the distribution of  terminal velocity of 
raJ ndrops 
= momentum correction factor for the velocity distribution of flow in 
the direction of x-axis 
= momentum correcton factor for the.velocity distribution of flow in the 
Y 

direction of y-axis 

= momentum correction factor for both velocity djstributions in the x-

X Y  

and y-axes 

6 i  = equivalent size of raindrops; i = 1,2,.. .,n 

= mean rai nd rop s i ze
6m 

q 1  = location of the channel boundary at the free surface in the positive 

d i  rection o f  y-axis 

q2 = location of the channel boundary at the free surface in the negative 

di rection of y-axi s 

8 = angle of inclination that the gravi tationai force makes with z-axis 

0 
i n  the reference, channel 

8 .= angle of incl ination that the gravi tatijonal S~BTLEmakes with.x ~ a x is 

x 

6 = angle of inclination that the gravitational force makes with y-axis 

V
I 
Q = angle of inclination that the gravitational force makes with z-axis 
z 
8 = angle of inclination that the gravitational force makes with z-ax! s 
z i 
for the i-th channel slope 

A = mean terminal velocity of raindrops 

A, = terminal velocities of raindrops; i = 1,2,...,n 

1 

A,,
* \  = norm~lized terminal velocity of raindrops 

k = a constant multiplier 

v = kinematic viscosity of fluid 

5. = velocity of the moving hydraulic j u m p  
<,,_	d ,  = normalized velocity of the moving hydraulic jump 

p = mass density of f f u i d  

a = surface tension 

r = boundary shear i n the d i rect i on of x-axi s 
OX 
7 = boundary shear in the direction of y-axis 
OY 
r =shearing stress o v e r  the section normal to z-axis i n  the direction 
ZX 
of y-axis 

B = angle of in~li~nation that the mean terminal velocity of raindrops

z 

makes with the verti cal 1 ine 

Q = angle of inclination that the mean terminal velocity of raindrops
zi 
makes with the vertical line in the i-th channel 
$ = angle of inclination that the overland flow makes with the 1 i n e  normal 
to the longitudinal direction of chan~el flow 
